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We consider a Glauber dynamics reversible with respect to the two-dimensional
Ising model in a finite square of side L, in the absence of an external field and
at large inverse temperature f. We first consider the gap in the spectrum of the
generator of the dynamics in two different cases: with plus and open boundary
conditions. We prove that, when the symmetry under global spin flip is broken
by the boundary conditions, the gap is much larger than the case in which the
symmetry is present. For this latter we compute exactly the asymptotics of
—(1/BL) log(gap) as L — co and show that it coincides with the surface tension
along one of the coordinate axes. As a consequence we are able to study quite
precisely the large deviations in time of the magnetization and to obtain an
upper bound on the spin-spin time correlation in the infinite-volume plus phase.
Our results establish a connection between the dynamical large deviations and
those of the equilibrium Gibbs measure studied by Shlosman in the framework
of the rigorous description of the Wullf shape for the Ising model. Finally we
show that, in the case of open boundary conditions, it is possible to rescale the
time with L in such a way that, as L — co, the finite-dimensional distributions
of the time-rescaled magnetization converge to those of a symmetric continuous-
time Markov chain on the two-state space { —m*(f), m*(f)}, m*(B) being the
spontaneous magnetization. Qur methods rely upon a novel combination of
techniques for bounding from below the gap of symmetric Markov chains on
complicated graphs, developed by Jerrum and Sinclair in their Markov chain
approach to hard computational problems, and the idea of introducing “block
Glauber dynamics” instead of the standard single-site dynamics, in order to
put in evidence more effectively the effect of the boundary conditions in the
approach to equilibrium.
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1. INTRODUCTION

In recent years there has been very important progress in the rigorous
analysis of Glauber dynamics (see Section 1 for a precise definition) for
classical lattice spin systems when the thermodynamic parameters are such
that the static system, described by the usual Gibbs measure

_exp(—BH)
#—T

does not undergo a phase transition in the thermodynamic limit.

In particular we refer the reader to the series of papers by Stroock
and Zegarlinski (see ref. 28 and references therein), by Olivieri and
Martinelli,""®*'*’ Martinelli et al,?® and Lu and Yau'®’ for the proof,
under various mixing conditions on the Gibbs measure u, of the exponen-
tial (in time) relaxation to equilibrium, represented by u itself, in finite or
infinite volume, of the associated Glauber dynamics, and to the work by
Schonmann (see ref. 24 and references therein), Kotecky and Olivieri,®'?’
and Scoppola'® for detailed description of the metastable behavior of
Glauber dynamics for Ising-type models close to the line of first-order
phase transition.

It is important to emphasize that some of the results in the above
works cover most of the one-phase region, going sometimes, e.g., in
ferromagnetic systems, arbitrarily close to the critical point.!'%2®

A natural question arises as to what happens when the thermo-
dynamic parameters are such that we do have a phase transition in the
thermodynamic limit. To be more concrete, let us consider the usual Ising
model in 4 dimensions, d= 2, in the absence of an external field, described
by the formal (normalized) energy function

Ho)=-% Y (o(x)a(y)—1), oe{-1,1}* (0.1)

x. reAd

[x—yl=1
and let us suppose that the inverse temperature f§ is larger (actually in all
rigorous results much larger) than the critical value §_.

Then, as is well known (see, e.g., ref. 13), any associated infinite-
volume Glauber dynamics is not ergodic and it is rather natural to ask how
this absence of ergodicity is reflected if we look at the dynamics in a finite,
but large cube V, of side L, where ergodicity is never broken.

A first partial answer was provided by Thomas®’ some years ago.
He showed that, if the symmetry of H(o) under global spin flip is not
broken by the boundary conditions on the exterior of the cube V,, then
the relaxation time to equilibrium, which in a first approximation can be
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taken equal to the inverse of the gap in the spectrum of the generator L,
of the dynamics, diverges, as L — oo, at least as an exponential of the
surface L4~

The reason for such a result is the following. When the symmetry is
not broken, e.g., when boundary conditions are open (i.e., absent) or
periodic, then the energy landscape determined by the function H(o) has
only two absolute minima, corresponding to the two configurations identi-
cally equal to either +1 or to —1. Thus the dynamics started, e.g., from
all minuses, in order to relax to equilibrium, has to reach the neighborhood
of the opposite minimum by necessarily crossing the set of configurations
of zero magnetization. Since the Gibbs measure gives to the latter a weight
of the order of a negative exponential of the surface (see, e.g., ref. 25),
a kind of bottleneck is present and the result follows by a rather simple
argument (see the first part of the proof of Theorem 4.1 below).

The same reasoning also suggests that, if the symmetry is broken by
the boundary conditions, e.g., by fixing equal to +1 all spins outside V,,
then the relaxation time should be much shorter than in the previous case
since there should be no bottlenecks to cross. Equilibrium is, in this case,
induced by the boundary conditions by means of some sort of plus spin
wave, initially attached to the boundary and shrinking to zero as time
goes on.

The interesting but unproven conjecture is that, at least in two dimen-
sions with plus boundary conditions, the relaxation time will diverge, as
L — o0, like L% The proof of the above conjecture would have some very
nice consequences on the equal site time correlation function of the infinite-
volume dynamics started in the plus phase, for which Fisher and Huse!®
predicted, using the above conjecture, a stretched exponential decay of the
form exp(—\/7 ) (see also ref. 21 for numerical simulations and ref. 17 for
further discussion).

In this paper we consider the above and other related questions for the
two-dimensional Ising model at very low temperature without external
field. For some less precise results in arbitrary dimensions see the remark
after Theorem 4.2.

In Section 3 we prove a lower bound on the gap in the spectrum of the
generator L, of the Glauber dynamics with plus boundary conditions of
the form

gap(L,,)=exp(—CBL'***),  £€(0,4] (0.2)

which, although it gives a bound on the relaxation time which is far from
the conjectured L? law, is in any case much larger than the upper bound
obtained by Thomas without the plus boundary conditions.
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As a consequence we derive an upper bound of the form
exp[ —log(r)*],  «€[0,2)

on the equal site time correlation function of the infinite-volume dynamics
started in the plus phase.

In Section 4 we compute exactly the asymptotics of the gap with open
boundary conditions. More precisely we obtain, for any e€ (0, 3], any S
large enough, and any L

exp[ —Br(B) L — CBLY***]1< gap(L,,) <exp[— () L+ CBL***]

where t(f) is the surface tension in the direction of, e.g., the horizontal axis.
As a byproduct of the proof of this result, we show that the bound (0.2)
is valid even if the plus boundary conditions are added on only one side
of the square V.

The proofs of the above two results follow two very similar steps:

Step 7: We prove the sought result for a generalized Glauber
dynamics in which single sites are replaced by suitable blocks. This mean
that, given a priori a covering {Q,} of V,, at each updating of the dynamics
the spin configuration is changed in only one block Q; and there it is
replaced by the equilibrium Gibbs measure of the block given the con-
figuration outside it. It turns out that a convenient choice of the blocks in
our case consists of long and thin overlapping rectangles with basis L and
height L2+, 0 <e< 1.

Step 2: We relate the gap of the single-site Glauber dynamics to
that of the generalized block dynamics in such a way that the estimates
obtained in step 1 are not significantly changed.

The above way to attack the problem is not entirely new; it was in fact
introduced long ago by Holley® to prove exponential convergence to equi-
librium in the one-phase region. One has in fact that, if the system is away
from the phase transition region and if the blocks are overlapping large
enough (depending on the thermodynamic parameters) cubes, the block
Glauber dynamics behaves as a very high-temperature single-site Glauber
dynamics, i.., an almost independent system for which the discussion of
the approach to equilibrium is a relatively easy task (see Section4 of
ref. 20).

While we accomplish the first step via a very natural probabilistic
construction, the second, rather crucial, step is carried out via the applica-
tion to our context of a clever geometric technique introduced by Jerrum
and Sinclair'!!:'>27) (see also ref. 5), to estimate from below the gap in the
spectrum of a symmetric Markov chain on complicated graphs. They
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invented their technique while working on a stochastic algorithm approach
to compute the partition function Z of the Ising model and the permanent
of a large matrix in a time polynomial in the size of the problem.

Such a technique, which is illustrated in our case in a self-contained
way in Section 2, gives in a very natural way a lower bound on the gap of
the generator of the dynamics in a rectangle R with shortest side /, with or
without boundary conditions, of the form

gap(L z) = exp(—BCI)

Morevoer, if the blocks Q, of the generalized Glauber dynamics are
suitable translations of the rectangle R, then

gap(Glauber) = exp( — fCI) gap(generalized Glauber)

It is worthwhile to mention that our proof of step 1 is constructive in the
sense that it indicates how the system actually reaches equilibrium: by
simply propagating the plus boundary conditions in the bulk if these are
present and the initial configuration is, e.g., all minuses, or by creating
inside the starting phase, via a large fluctuation, an almost horizontal (or
vertical) interface close, e.g., to the bottom side of ¥, which afterward
rigidly moves to the opposite side until the other phase has invaded the
whole volume.

Once we have a precise control on the relaxation time with open
boundary conditions, we can study in detail the large fluctuations of the
magnetization

1
m(al)=FZ Jr(x)

by considering, for example, the hitting time 7, of the set

M,={a;m(e)=p}, pe{—m*(), m*(p)}

with m*(f) the spontaneous magnetization.

In Section 5 we show that, if the starting configuration is distributed
according to the equilibrium measure restricted to the “phase” of positive
magnetization or if it is identically equal to plus one, then the expected
value E(t,) of the hitting time 7, is of the order

E(t,)~exp[BLY(p v 0)]

where the rate function /(p) is the same as for the static problem:

ty, (m(o)=p)=exp[ -BLY(p)]
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and it has been computed by Shlosman‘?® in the framework of the rigorous
description of the Wulff shape for the Ising model carried out by Dobrushin
et al.' We also show that the hitting time 7, rescaled by roughly its average
converges, as L — oo, to an exponential time of mean one.

It is important to outline that the typical configurations of the equi-
librium Gibbs measure under the condition {m(s)=p} have a very precise
geometric structure related to the Wulff shape with open boundary condi-
tions.?® Thus, the fact that the rate function for E(t,) is the same as in
the static problem suggests that when the system started in the positively
magnetized “phase” reaches for the first time the set M, it does it by
forming a droplet of the right volume and with the correct Wulff shape. We
hope to come back in a future work to this and related problems.

A key step in the discussion of the above problems is the proof, based
on the results of Section 3, that the relaxation time inside a single
“phase” is much shorter than the typical values of the hitting time 7, (see
Proposition 5.2 for a precise statement).

This last result indicates that the gap in the spectrum of the generator
restricted to the invariant subspace of the functions even with respect to
global spin flip is much larger than the true gap; unfortunately we do not
have any precise statement in this direction.

Finally in Section 6 we complete the analysis of the time evolution of
the magnetization by showing that, if the time is scaled with L in such a
way that on the new unit of time the system is likely to have jumped from
one phase to the other, then the finite-dimensional distributions of the
time-scaled magnetization converge, as L — oo, to those of a continuous-
time Markov chain on the two-state space { —m*(f), m*(#)} with unitary
jump rate.

The rest of the paper contains a preliminary section, Section 1, where
all the necessary definitions are given together with the required results on
Wulff shape, cluster expansion, and so forth. The proofs of various techni-
cal results for the Ising model are collected in an appendix.

1. PRELIMINARIES

In this section we precisely define the model and the random dynamics
that will be the object of study in the next sections.

1.1. The Ising Model in a Finite Set

Let Z? be the usual two-dimensional square lattice with sites
x=(x;, x,), equipped with the norm |jx|| =|x,| + |x,|. We will sometimes
consider Z? as a graph with vertices the sites x € Z> and edges all pairs of
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sites x and y such that ||x — y|| = 1. We will use the notation ¢ to denote
a generic element of the set Q,.={—1, +1}%’; whenever V' Z? we use
the notation o, = {a(x), xe V'} to denote the restriction of ¢ to the set V
and ©, to denote the set of them.

Given V c Z2 we define the interior and exterior boundaries of V as

dmV={xeV;3¢V; x—yl=1}
O V={x¢V;IyeV; x—yl=1}
and the boundary dV as
oV={(x,y); x€0in V, y€0e V; Ix—yll =1}

We also denote by | V| the cardinality of V.

Next, for any finite subset ¥ of Z? we define the energy Hﬂ””(ay)
of a configuration ¢, € Q, with boundary conditions t outside V,
te{—1, +1}%, and boundary coupling 0< U?"(x, y) <1, (x, y)€dV, as

H{"oy)=~4 ¥ [ov(x)an(»)-1]

ey -
- Y U%(xy)lop(x)t(y)—1] (1.1)
(x.yv)eéV

and the associated Gibbs probability measure at inverse temperature f:
wi(o)=Z(V, U™, 1) expl —BH Y (01)] (12)
where the partition function Z(V, U?", 1) is given by

Z(v, U, 1)=Y exp[ - pH " *(0,)] (1.3)
o
If the boundary condition 7 is the special configuration t(x)=1 VxeZ?
then in all our notation the superscript t will be replaced by a simple +.
Notice that the —1 appearing in the definition of the energy H ‘fy"(a,,)
fixes equal to zero the energy with plus boundary conditions of the con-
figuration identically equal to plus one.
We also set, for any function /: 2, — R,

pY" () =T u¥"(a)) flay)

Although for technical reasons it will be convenient to consider cases in
which the boundary coupling U%"(x, y) does depend on x and y and it is,
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for example, equal to plus one along some parts of the external boundary
of ¥ and positive but very weak along some other parts of the boundary,
the most typical choices of U°" will be either U°" identically equal to one,
in which case the Gibbs measure (1.2) is the usual Ising model in the set
V with t boundary conditions, or U? identically equal to zero, which
corresponds to the Ising model w1th open boundary conditions. In both
cases the (cumbersome notation pY™"%, Z(V, U%", 1) will be replaced by the
more natural ones u},, u2, Z(V, 1), Z(V, &), respectively.

As a next step we recall some monotonicity properties enjoyed by the
Gibbs measure /1,, " which easily follow from the well-known FKG
inequalities, (7) which will play a crucial role in the next sections.

Given two configurations t,, 7, in £,,, we say that 7, <t, iff

7, (x) < 15(x) VxeZ?

and similarly for ¢, 0}, € Q. Then, for any pair of finite subsets V', = V,,
any pair of boundary couplings US"'(x, y), U5"'(x, y), and boundary
conditions t,, 1, such that

Ui(x, ») 1 (NS US(x ) 1a(y) Vi p)edV,

and any function f: 2, — R which is increasing with respect to the above
partial order, we have

u%'“uw<y%”Wf) (1.4)
pUP Y S pi () (1.5)

1.2. Contours and Cluster Expansion

In this section we recall, for the reader’s convenience, a version of the
cluster expansion for the partition function Z(V, U?", +) valid under some
restrictions on the boundary coupling U?", which will turn out to be quite
essential in the next sections. The material that follows has been adapted
to our situation, in which U?" is not necessarily identically equal to one,
from Sections 3.8, and 3.9 of ref. 4.

To begin with, let us recall the definition of Peierls contours for a
generic configuration ¢ which is identically equal to +1 outside a finite
region.

If we denote by Z** the dual lattice of Z2, we call a bond any segment
in R? connecting two neighboring sites of Z2". Then we say that two sites
x and y in Z? are separated by the bond # if their distance (as sites in R?)
from h is equal to 1/2. Given o € 2,2, we denote by I'(c) the collection of
all bonds separating sites x and y in Z? where a(x) # a( ). If, moreover, we
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use the convention that any pair of orthogonal bonds that intersect in a
given site x* of the dual lattice Z*>" are a linked pair of bonds iff they are
both on the same side of the 45 deg line across x*, then we immediately see
that I'(o) splits up in a unique way into a collection of closed contours
I\ (o), I';{0),.., I';(6),.., where a closed contour is a sequence ¢, €,, €5,...,
e, of bonds such that:

(i) e;#e; for all i and j with the exception of i=0 and j=n, for
which eg=e,.

(ii)) For all / the bonds e, and e,, , have a common vertex in Z*".

(ii) Ife;, e;,,,e;,e;,, intersect at a given site x*, then both e, e, ,
and ¢;, ¢;, , are linked pairs of bonds.

The length || of a contour is simply the number of bonds in I". Given
a contour I, we denote by AT the set of sites in Z? such that either their
distance (in R?) from I"is 1/2 or their distance from the set of vertices of
Z*" where two non-linked pair of bonds of I meet is equal to 1 /\/5.

Since we can always identify any finite set ¥ < Z? with the bounded set
7 = R? obtained by considering the union of all unit closed squares cen-
tered at each site in V, with an abuse of notation we will write for a generic
closed contour I": ' V if ' ¥V and I'n V for the set of bonds of (o)
contained in V.

Finally, given a boundary condition t on the external boundary of a
finite region ¥, we can associate to any element o, the configuration
6'"*)eQ,. equal to g, inside V, equal to 7 on d.,, V, and equal to + 1 out-
side V'ud,,, V. Then, via the previous construction, we can associate in a
unique way to o, the finite collection of closed contours /(¢! *') that, for
simplicity, will be referred to as I""(¢,). If we consider I'*(a,)n V, then it
will consist of the union of some closed contours, in the sequel referred to
as the closed contours of ¢, under the boundary condition 7, and some
open polygonal curves that will be referred to as the open contours of o,
under the boundary condition 7, where an open polygonal line is a
sequence of distinct bonds ¢, e, e,,.., e, satisfying (ii) and (iii) above.

Notice that, by construction, the first and last bond of an open
contour necessarily separate at least one site in d,,, V.

Let us now assume that

a,= min U%¥(x, y)>0 (1.6)

(v, v)edV

Then, if for a given closed contour I” we write I"° for the sets of bonds in
I" that separate two sites (x, y)e dV and we set U (h)=U"(x, y) for any
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pair (x, y)e @V that are separated by he I'?", a simple computation shows
that

W ten=2 L {in- ¥ opo-vtwi) o)
el *(oy) herev
Thus the partition function can be written as

z(V,U“V,+)=Z°xP[‘ﬂ<2 2 {|r|— > [l_UW(h)]})]

ay el *(oy) herdv
(1.8)

We can rewrite (1.8) in a more suitable form by introducing the notion of
compatibility between different contours.

We say that the contours I,,., I, in V are compatible if there exists
,€Q, such that I'* {1“1, . I',} and we denote by %, the set of
them. Then, if we denote by zY"(I') the weight of a single contour I,

z',{“'(r)=exp( {m T [1- U‘W(h)]}) (19)
he ¥

we can write (1.8) as

zZv, U, )= I] ¥ (1.10)

Getbyr ey

Then the main result of the cluster expansion that is needed in the present
paper can be stated as follows:

Proposition 1.1. Assume that there exists a constant ae [0, 1)
such that

UM (r<exp[—2BIT (1—a)] VIe®,

Then there exists = f,(«) such that for all §> 8, the logarithm of the
partition function Z(¥, U°", +) can be written as

log[Z(V, U, +)]= Y @Y"+(4)

AcV

where the coefficients Y™ * (1) satisfy the following two basic properties:

(1)
U (A)y=d¥(A) if B .AcV
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where @*(A4) is the coefficient associated to the set A<V when the
boundary coupling U°" is identically equal to one; and (2) for all Ac V,
|4] =2,

@™+ ()| <exp{—21—a) [f—Bo] d(4)}
16U+ ({x})] <exp{ —8(1 —a) [f—Bo]}

where, for all connected (in the sense of subgraphs of the graph Z?) A c V,
d(A) is the length of the smallest connected set of bonds from A = {all
bonds in V that separate at least one site in 4} containing all the bonds
separating sites in J;,,4 from sites in d.,4. If A4 is not connected,
d(A)= + 0.

1.3. Surface Tension and Wulff Shape

We conclude our short review of the Ising model by recalling the
definition of the surface tension t4(n) and of the associated Wulf shape.
Again we follow the basic reference [4].

Let us fix a direction ne S' (S' being the unit circle) and let us define
the boundary condition t" as follows:

t"(x)=+1 if (x,n)>0

"(x)=—1 otherwise

where (x, n) denotes the usual scalar product in R2

Let also V ,, be the rectangle {xeZ*; —N<x,<N; —-M<x,<M}.
Then we define the surface tension with respect to a surface orthogonal to
the direction n, t4(n), as

t5(n)= lim lim Z(V”-’"”n)> (1.11)

1
1
v ' BN, m) OB (Z(VN.M, +)
where d(N, n) is the length of the segment
{X, (xv n)=0a _Nsxl SN}

We will simply write t; to denote the surface tension associated to the
direction n= (1, 0).

For a proof of the existence of the limit (1.11) when § is large enough
see Theorem 1.15 in ref. 4.

We now define the Wulff shape W < R? as

W={xeR?; |(x,n)| < A1,(n) ¥n} (1.12)
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where the constant 4 is chosen in such a way that the area of W is equal
to 1. The following fundamental result has been proved in ref. 4 (see also
ref, 22):

Theorem 1.1. Let for any closed, piecewise smooth curve y in R?,
the Wulff functional W (y) on y be given by

W)= [ dsy(bs))

where n(s) is the normal vector at the point s on the curve y. Then, if we
denote by dW the closed curve encircling the Wulfl shape W, we have

W.(y)= W.(0W)

for any closed curve y which encloses an area equal to one, and equality
holds iff y is a translate of the curve oW.

1.3. A Class of Block-Glauber Dynamics for the Ising Model

In this section we define, for a given finite set ¥ = Z2, boundary condi-
tion € ,:, and boundary coupling U?", a class of Markov processes on
Q, which are all reversible with respect to the Gibbs measure u¥" .

Although the main object of study in this work is any standard (e.g.,
Metropolis or heath bath single-spin-flip Markov process, reversible with
respect to the Gibbs measure of the Ising model, we found it very con-
venient to introduce, as a technical tool, auxiliary Markov processes for
which, in each updating of the dynamics, a whole collection of dynamical
variables (i.e., spins o, (x)] are changed instead of just one. Each one of
these auxiliary Markov processes will be indexed by a certain covering of
the set V by blocks (i.e., subset of V) and at a given updating only the spins
inside a particular block will be changed.

More precisely, let {Q,};_, , be a covering of V and let

U"Q‘(x, y)=1 if (x, ») eaQ,»\aV

’ , (1.13)
U%(x, y)=U(x, y) if (x,y)edQ,noV

Then we define the generator L23%¢" of the Markov process g!@}=¢"
indexed by the covering {Q,};_,_, by

(L1907 f) (0,)=Y ¥ ug ") [f6h) - f0,)]  (114)

i r]EQQ’

where (10 ,) denotes the configuration in Q. equal to t outside V and to
g inside V, while ¢, is the configuration in €, equal to 5 in Q, and to
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0o, in V\Q;. Most of the time we will refer to the Markov process
generated by L12++Y" as the {Q,}-dynamics.

A concrete way to construct the {Q,}-dynamics starting from a
configuration ¢=g¢, is to choose with rate n (n is the cardinality of
the covering) a particular element Q; of the covering and to replace the
restriction to Q, of the configuration ¢ with a configuration e, with
probability ug ALY

The partlcular case in which the elements Q; of the covering are
the sites x of the set ¥ is known in the literature as the heat bath process
(HB-dynamics in the sequel) and it is a particular example of a Glauber
dynamics for the Ising model, that is, a Markov process on £, with
generator L=Y"" of the form

(L"Ne)=% ¥ o) [flor)—fle)] (L1

xeV ae{—1.+1}

where ¢}:¢ is obtained from ¢, by substituting the value ¢, (x) with a and
the jump rates ¢=Y"(a,, a) satisfy the detailed balance condition

w8 o) et oy, a) = pY (o) eV (05 0 (x)) (1.16)

and a short-range condition

oy a)=ct" (ny,a) i o ()=np(y) Vix—yi<R
for some finite R.

As it is easy to check, the {Q,}-dynamics is a (continuous- t1me)
Markov chain on 2, rever51ble with respect to the Gibbs measure ¥’ S

in other words, L!9"*Y" js symmetric in the Hilbert space L}(Q,, du¥™")
with real nonpositive eigenvalues

0=2({Q:} & U™)> ~ (@i} 7 U™) >
-4 ({0}, T, UY); =2V

The absolute value of the first negative eigenvalue, 4,({Q,}, t, U?"), will be
of special value for us and it will be denoted by gap, ({Q,}, 7, U"") or by
gap,(HB, 1, U?") if the dynamics under consideration is the heat-bath
dynamics.

The following . variational characterization of the gap will be par-
ticularly useful in the sequel. Let, for any fe LZ(Q,,, du U5y &(f, f) be the
Dirichlet form associated to the generator L!9:*

ELN=1Y Y T wl @) ug ) o)~ fle )] (L1T)

i ar nesp,
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Then
E(f )

e gy Var(f)

gap, ({Q:})= (1.18)

where
Var(f)= Zu“”w wY" () [f(e) = f(n)7?

Remark. Using the above variational characterization of the gap, it
is very easy to check that, if we consider a general Glauber dynamics
defined as in (1.15) with jump rates bounded above and below uniformly
in o, and in V, then the corresponding gap can be bounded from above
and from below by gap, (HB, T, U°") multiplied by two suitable constants.

The following simple estimate, which follows from an elementary L?
consideration, illustrates the role pla cd by the gap({Q.}, t, U°") in the
approach to the invariant measure #" " of the distribution P{2:1:=V"(¢) of
the {Q,}-dynamics at time ¢ starting from 5, at time t=0:

| PiQ U _ Uty expl—rgap({Q.}, 7, U”)] (L19)
o T AN I |

where, for two arbitrary probability measures v and u on Q,, |v—ul|
denotes their variation distance.

Remark. It is worthwhile to observe that (1.19) can be a very bad
estimate since the denominator [u%""*(n,)]"? is of order exp(—cpB|V]) for
some constant ¢. There are situations, for example, when f is smaller than
the critical value B, in which the factor [#Y""*(7,)]~ "% in (1.19) can be
replaced by c|V| for some constant ¢ (see, e.g., refs. 28, 18, and 19).
However, in a phase transition regime, > f., the gap can be very small,
something like exp(—cL) if V is a square of side L with open boundary
conditions (see Section 4), and therefore the possible improvement in the
denominator from exp(—cf| V]) to some negative power of | V] is negligible.

1.4. Coupling for the {Q;} Dynamics

We conclude this preparatory section by discussing a useful coupling
for the {Q,}-dynamics that will be essential in the forthcoming sections.

Let, for any finite set V, 'V, 12, t'*¥) be N < 2"% "1 boundary condi-
tions on the external boundary of V, and let vy """ be the unique
invariant probability measure on (£2,)" (N copies of Q) of the following
ergodic Markov process:

.....
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(1) With rate | V| one chooses a site xe V and, given x, a random
number & € [0, 1] with a uniform distribution:

(1.20)

(it} For k=1,.., N the value of the spin at x in the kth component of
the initial configuration 6, = {¢\!’---a\M}, 6\ € Q,, is replaced by +1 if
Lol e 4 (121)

and by —1 if the opposite inequality holds. Here U?!*! is defined as in
(1.13) but with Q, replaced by {x}.

The above algorithm is of course nothing more than an explicit way
to realize on a common probability space the HB-dynamics in V' with
different boundary conditions =), *3),..., '™,

Using this observation, one can explicitly check that the measure

""" enjoys the following properties:

o) o V(1) (k—1) (k) L (k+1) (M), UV (eRYy (k)
Y v (7, gm0, B gD My = T ()

(1.22)
vt;n‘ﬂz»_fwi(”(k)gﬂ(j))= 1 if ‘((kj STU) (1'23)

Given now a finite set ¥, a boundary condition t, and a covering {Q,}7_,
let, for each i=1,.., n, ", 7'?,..., t'™) be an arbitrary enumeration of all the
possible boundary conditions on the external boundary of Q; which agree

with T on 2,,,Q;N 0, V, and let

HN)

— i
Vo, =V,

Using the measures vy, we can mimick the algorithm (1.20), (1.21), to

. age . (il
realize on a common probability space the Markov processes g {2V
starting from an arbitrary initial condition ¢, as follows:

(a) With rate n (n is the cardinality of the covering) we choose one
of the Q,.

(1.24)

(b) For all k=1,.., N, the configurations ¢, which agree with 1’ on
the external boundary of Q, are updated to o , n“'eQ,,, and the joint
probability of 7", n®,.., g™ is vy, (n", n?,..., n'™):

(1.25)
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It is clear that, because of (1.22) above, (a) and (b) give the right
law for the evolution of any given initial configuration o,. Moreover,
because of (1.23), it also follows that any ordered set of initial conditions
6! <02 < --- <o will remain ordered for any future time +. We will refer
to this last property as monotonicity in the initial configuration.

2. GEOMETRIC BOUNDS ON THE GAP

In this section we establish two basic estimates on the gap which,
besides being interesting by themselves, will play a crucial role in the deter-
mination of the exact asymptotics in the thermodynamic limit of the gap of
the HB-dynamics in a finite square with open boundary conditions. The
first estimate relates gap, (HB, 1, U?Y) to gap,({Q,}, 7, U?Y) when V is a
rectangle V .,

Veu=1{x;—N<x <N; —M<x,<M}

with, say, M < N and the covering {Q;} consists of rectangles

/ I
Q,:{erz; —N<x,£N; izsx2<(i+2)-2-}

with //2 and 2M/I] integers, i = — 2M/1,..., 2M/l — 2. The estimate shows that
the ratio

gap,(HB, t, U?")
gapV( {Qi}’ T, UPV)

is bounded from below by a suitable exponential of the shorr side /. More
precisely:

Theorem 2.1. Let V and {Q,} be as above. Then for any boundary
coupling U?” and any boundary condition t we have

ex(—4p)
2|Q/| exp(—4pB) +exp(+4p)

xexp[ —4B(/+1)] gap,({Q,}, 1, U"")

Remark. The above theorem remains valid also if the covering of
the set V consists of rectangles Q, with longest side smaller than that of
V n.a. However, for reasons that will become clear in the next section, the
above choice of the covering is very sensible in the low-temperature regime.
It will also become clear at the end of the proof of the theorem that our

gap V(HB7 T, U{'V) 2
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method allows one to relate the gap of the HB-dynamics to that of the
{Q,}-dynamics for arbitrary geometric shapes of the elements of the
covering. This generality is, however, not needed in the present paper.

As a corollary we obtain, in the same setting as above, that
gap, (HB, 7, U?") is not smaller than a negative exponential of the shortest
side M. More precisely we have:

Corollary 2.1. For any boundary coupling U?" and any boundary
condition t we have

gap, (HB, 7, U") > : exp(—45)

Z 317 exp(—48) +exp(+4p) SPL—4PCEM + )]

Proof of the Corollary. Let us take in Theorem 2.1 the shortest side /
of the elements Q, of the covering equal to 2M so that the covering consists
of just the rectangle V_,, itself. Then the generator L'2}+Y" restricted to
the space of functions of mean zero (i.e., orthogonal to the constant func-
tions) becomes minus the identity, so that gap, ({Q,},t, U") =1, and the
corollary follows from Theorem 2.1.

Remark. The estimate described in the corollary is a very bad one
for temperatures above the critical one (that is, f < f,.), since in this case
it has been recently proved by Martinelli er al.*® that the gap is bounded
away from zero uniformly in N and M. However, at low temperature, when
the infinite-volume dynamics is not ergodic, it gives the right dependence
on the size of the set ¥ ,,, namely a negative exponential of the surface
and not of the volume |V, ,,|, but the constant in the exponential is wrong
by a factor 2 even in the limit f — co. A more precise bound will be dis-
cussed in the next section.

The proof of the corollary represents also the first, actually rather
trivial, example of the role played by the {Q,}-dynamics: in an approach to
a gap estimate this latter may be considerably simpler than the single-spin
dynamics. In particular, one may try to attack the problem of finding a
lower bound on the gap of the HB-dynamics by first proving lower bounds
on the gap of the {Q,}-dynamics and then, using Theorem 2.1 above,
transfer the bound to the HB-dynamics. This idea played an important role
in the analysis of the approach to equilibrium in general Glauber dynamics
in the one-phase region (see, e.g, refs. 8, 28, and 18). However, its applica-
tion in the phase transition region seems to be new.

Proof of Theorem 2.1. The proof is an application in our context of
some geometric techniques developed a few years ago in order to bound
from below the gap of symmetric Markov chains on complicated graphs
(see, e.g., refs. 14, 11, 12, 27, and 5). We will use in particular some beauti-

822/76/5-6-7
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ful ideas introduced by Jerrum and Sinclair in their study of rapid mixing
properties of Markov chains arising in some hard computational problems.
The way these techniques apply to spin dynamics like the Glauber
dynamics was discussed for the first time in some unpublished notes of
mine and used recently, in a slightly different form by Schonmann in his
study of metastability for the Ising model.**)

In what follows we will omit for simplicity in all the notation the
boundary condition , the boundary couplmg U, and the volume V.
Thus, for example, the Gibbs measure pj ** will become g, the conditional
Gibbs measure on Q;, u 0‘ v (y), #5,(n), and similarly for the generators
of the HB- and {Q,}- dynamlcs together with their gaps.

We start by introducing the set of canonical paths in Q, between
configurations ¢ and ¢’ with ¢ # ¢’, which are connected by just one single
jump of the {Q,}-dynamics, that is, ¢’ =¢" for some i and some n€Q,,.
We adopt the convention that, if the o, ¢’ can be connected by the updat-
ing either Q; or Q,, ,, due to their mutual overlap, then we think of ¢' as
arising from the updating of Q,.

Let us first order the sites in each rectangle Q; as follows:

x<y iff x, <y, or x;=yp, and x,<yp,

Given now c €, and neQ,,, we define the path y(o, ¢") as the sequence
of configurations obtained from o by adjusting one by one, in increasing
order, the values of its spins in Q; to those of the spins of ¢". More
precisely, if x,,.., x, are the sites in Q,, ordered as above, such that
o(x;) # d"(x;), then we define y(a, ") = {0°---¢"}, where o', i=1,.., n, is
the configuration equal to
oi(x)=0"(x) iff x<x;
_ ' (2.1)
g'(x)=o0(x) iff x>x;
and 6°=og.
Next, for any allowed transition of the HB-dynamics

g™, xeQ, a=—d(x)
we set
e=(6,6%Y)
O(e)=u(d) s (a)
and we say that the transition ¢ belongs to the canonical path y, ey if, for

some index i, (&, 6%“)=(¢', o'*"'). Finally, we define the constant p as

u(o) ug (n)
=S T o0

CEY (ao'")

(2.2)

(2.3)
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Then we have:

gap, (HB)> — gapy({Q H (24)

2|QI

Although the proof of (2.4) can be found in ref. 27, we reproduce it below
because of its simplicity.
Using the variational principle for any fe L3(2,, du), we have

Var(f)<gap,({Q:}) ™' 1) X u(0) up,(n) [f(e") - f(0)]?

2
=50,((0) " 1 T ulo) n){ Y o) —flo” ]}

(2.5)

where y(0, 6")= {¢%" ---¢"} is the canonical path going from ¢ to o”.

Using the Schwartz inequality, the fact that the length n of the path
is smaller than [Q,|, and the definition of p, we can bound from above the
r.h.s. of (2.5) by

gap, ({Q:}) 7' pl0l Y ¥ X mo)pia) [f(e™)~ flo)]?

oi xeQ ae{—11}
<2gap.({Q:}) "' plQ/ Sun (S, /) (26)

where &5 (f,f) is the Dirichlet form of the HB-dynamics and the factor 2
in the first inequality comes from the fact that most of the sites belong to
two elements of the covering. Thus, if we combine (2.5) with (2.6) and
(1.18), we get

gap, ({Q:})
2p1Q1

and in order prove the theorem, we only need to estimate from above the
constant p by

gap,(HB)>

< EXp(48) + exp(—45)
exp(—4p)

uniformly in the boundary condition t and in the bounary coupling U?".

Apparently this is not an easy problem since we have to count how
many canonical paths use a given allowed transition e= (&, 3%¢). Is is
precisely at this stage that Jerrum and Sinclair’s lovely ideas become
essential.

exp[48(/+ 1)] (2.7)
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Given a transition e = (¢, 6“), we define an injective @ mapping from
the set of all the canonical paths that use the transition e, I'(e), to £, as
follows:

®(y(o, 6")) (y)=0a(y) VyeQ; y<x
D(y(0,0") (y)=0"(y) VyeQ, y=x (2.8)
D(y(o, a") (y)=0a(y) Vy ¢ Q;

where the index i labels the rectangle associated to the path y(g, ¢").

It is clear that ¢ is injective. In fact the knowledge of the transition e,
that is, of x and &, and of &= ®(y(o, d")) allow us to reconstruct com-
pletely the initial and final configurations ¢ and ¢" and thus the path itself,
simply by observing that, for example,

o(y)=da(y) VyéQ,
o(y)=c(y) VyeQ, y=zx (29)
a(y)=£&(y) VyeQ, y<x

and similarly for ¢”.
Let now ¢, be the smallest constant such that for any canonical path
y(o, ¢") in ['(e) the following bound holds:

1
1o, (D(y)) Q(e)ZC—Ou(a) ro,(n) (2.10)

Then we have
p<cy (2.11)

Using (2.10), we can in fact estimate the r.h.s. of (2.3) by

cosup ). o (P() (2.12)

ei yell(e)

Since the map @ is injective and y is a probability measure, the sum in
(2.12) is not greater than one and (2.11) follows.

In order to estimate the constant ¢, let, for xe Q,, 4, be the set of
bonds in Q; which separates sites in @, smaller than or equal to x from
sites in Q, larger than x. Clearly, by construction, 8, consists of two verti-
cal segments joined by a single horizontal bond 4 at distance 1/2 from x
and placed below it if x, > — N+ 1, and by a single vertical segment plus
a horizontal bond as above if x; = — N. Let also, for any pair configura-
tions ¢,, ¢, which agree outside Q,, H, (4,, 6,) be the interaction through
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0, of a configuration ¢ € 2, which is equal to ¢, (o) to the left (right) of
é,. More precisely

H, (0,,0,)=— ) [o1(y)o,(z)—1] (2.13)
xe Q",jj\-'f::n -1

Clearly |H; (o,, 05)| is bounded from above by 2(/+ 1). Then, by direct
inspection,

uo) ug, (1)

2 (D)) ule) —B[H; (o, 2 (0", ¢
w5 @) pia)~ SXPLAlH 9, )+ Ho (0, o)

—H; (3,6)— H, (®(y), P(y))]1} (2.14)

for any boundary condition t and boundary coupling U?". In turn (2.14),
together with (2.13) and the observation that

exp(—45)

a)= vx, 6,1, UV
wila) exp(—4p)+exp(+4p) %80 U
implies that the Lh.s. of (2.14) is smaller than
exp(4f) + exp(—4p) .
pUA) + exD(=4F) o, o apir+ 1)] 3 (@) (2.15)

exp(—48)
that 1s,

exp(4f) + exp(—48)
exp(—4p)

Thus the constant ¢, can be taken equal to

oo exp(4B) + exp(—4p)
°7 exp(—4p)

Using (2.7) and, (2.11), the theorem follows.

o, (@(7)) Qfe) = exp[4B(/+1)] u(o) ug,(n) (2.16)

exp[48(/+1)]

Remark. It is amusing to observe that, if one applies the above con-
struction to the one-dimensional case for which the set d, consists of just
one bond, H, (o,, 0,) can be bounded by a constant independent of ¢,, 7,
and of the dimension of V, even if the energy (1.1) of a configuration o,
is replaced by a more general expression like

Hioy)=—-1 ) Jllx—yl)op(x)a,(y)+bec

x, relb
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provided that the long-range potential J(||x— y||) decays faster than
lx— y|| ~2** for some &>0. Therefore in this case the gap of the corre-
sponding heat bath dynamics in a segment of length L in Z has a lower
bound which is only proportional to L~' without any negative exponential
of L.

On the other hand, it is known that a long-range potential J(||x — y||)
with a fast decay as above is not able to induce any phase transition, the
reason being that the energy between two semiinfinite lines is finite
uniformly in the spin configuration.

Thus, in some sense, the above geometric construction is able to
capture, at least at the level of the exponential, some (but certainly not all)
of the physical aspects of the presence (or of the absence) of a phase
transition in the Ising model at low temperature.

3. A LOWER BOUND ON THE GAP WITH
PLUS BOUNDARY CONDITIONS AND ITS APPLICATION

In this section we consider the HB-dynamics in a square V=1V, :
V,={xeZ*0<x,<L;i=12}
with full plus boundary conditions, that is,

(x)=+1 VxeZ?
U™i(x, p)= +1 V(x, y)eadV,

and very large S.

We show that, due precisely to the presence of the plus boundary
conditions, the gap of the HB-dynamics is much larger, as L — oo, than its
value with open boundary conditions (see also the discussion in the intro-
duction). As a simple consequence, we show that the equal site time
correlations of the infinite-volume process started in the plus phase decay
faster than any inverse power of the time.

Before stating and discussing our main result, let us fix a few more
convenient notations. We will denote by (+) and (—) the two extreme
configurations in ,, identically equal to plus and minus one, respectively,
and, for any rectangle R, by u%'*>™™ the Gibbs measure on R with the
boundary conditions 1, ,, 3, 7, on the external boundary of its four sides
ordered clockwise starting from the bottom side. We use the usual conven-
tion that, if one of the configurations 1, is identically equal to +1 or —1,
then we replace it by a plus or a minus sign. Thus, for example, 7,, +, —,
+ means 1, boundary conditions on the bottom side, plus boundary con-



2D Dynamical Ising Model 1201

ditions on the vertical ones, and minus boundary condition on the top one.
Whenever confusion does not arise we will also omit the subscript V in the
notation ¢ .

We finally denote by u* the infinite-volume Gibbs state obtained as
the limit as L — oo of finite-volume Gibbs states u; with plus boundary
conditions, by m*(f)= u*(5(0)) the spontaneous magnetization, and by o,
the infinite-volume heat bath dynamics started from the (infinite-volume)
configuration ¢ (see ref. 13 for the existence of such processes).

We can now state the main results:

Theorem 3.1. Let ¢€(0, 1/2) be given. Then there exist f,< + o
and C < + o such that for any > §, and any integer L

gapy, (HB, +) > exp(—CBL'**)

Theorem 3.2. Let ae[0,2) be given. Then there exist f, < +
and C < + o such that for any 8> 8,

0< [ du*(9) 9(0) E(6,(0) — [m*(§)]?

< Cexp{ — (log(1)1*} Wt

Proof of Theorem 3.1. Let [=2[L'?*°] and let us suppose,
without loss of generality, that N=2L//— 1 is an integer; for i=1, ..., N, we
define Q, to be the rectangle

/

N1~

Q,:{xe Vi;0<x, <L, (i—1)
Then, using Theorem 2.1, we have that
1 exp(—4p)
gap,,(HB, +)>— b

1Qil exp(—4B) + exp(+4p)
xexp[—4B(/+1)] gap,, ({Q;}, +) (3.1)

It remains to show that the {Q,}-dynamics has a “large” gap, where “large”
means, for example, larger than exp(— L' *=¥?),

To prove this result, we will show that, with very large probability,
under the coupling for the {Q,}-dynamics described at the end of Section 1,
the two extreme configurations (4 ) and {—) become identical in a time
smaller than exp(L''*°7?).

The intuitive reason for that, which also explains our apparently
strange choice of the length / of the short side of Q;, is the following. Let
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us suppose that we start with the two extreme configurations and that we
update one after the other in increasing order of i the rectangles Q;. In the
first updating of @, we have to replace (+),, and (—),, with two con-
figurations n5, and ng distributed according to pj " "+ and pj; " 77,
respectively. It is a relatively easy matter to show (see Proposmon 3.1
below) that, for large enough B, due to our choice of / and to the fact that
in two dimensions the fluctuations of an interface separating plus spins
from minus spins are of the order of the square root of the length of the
interface, it is possible to couple the two measures .} in
such a way that, with probability much larger than l—l/N the two
configurations n5 and n,, are identical in a large portion of Q,, e.g., for
all xe Q, with x, <3//4, and in particular on the external boundary of the
bottom side of Q,. Moreover, with large probability, both 5 and 74
will be mostly + 1 on the external boundary of the bottom side of @,. Thus
the second updating in Q, will be very similar to the first one in Q, with
the exception that now the boundary conditions on the external boundary
of the bottom side of @, will not be identically equal to + but only
approximately.

As we will show below, this fact, with probability much larger than
1 —1/N, does not really matter and one can, at least in a first approxima-
tion, consider the + boundary conditions also on the bottom side of Q,.
In this approximation the second updating will be statlstlcally equal to the
first one and, with large probability, it will force (+)”Q| and (—)" to
agree also in 3/4 of Q, without introducing any new discrepancy between
them in the previous region of agreement,

3!
X, <=
{XEQ,,Vz 4}

In such a way, after the first two updatings, the evolutes of (+) and (—)
will agree in the set

{xeV,;0<x,<31}

By iterating this procedure N times, we can glue together (+) and (—) in
N steps with a probability of order one.

Remark. Thus our choice of the short side / is a compromize
between the requirement of being as small as possible because of
Theorem 2.1 and the requirement of being much larger than the square root
of L, which is the order of magnitude of the typical fluctuations of an inter-
face of length L in two dimensions.
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Since the probability of not having within time ¢ a sequence of N
updatings exactly in the order needed above is roughly of order

t
exp(—N""ﬁ><1 if, eg., r=exp(L"'*9?), L»1

we can conclude that the time the {Q,}-dynamics needs to relax to equi-
librium should not be larger than exp(L'' *¢"?) for L large enough.
Let us start with the technicalities. Let R be the rectangle

R={xeZ*0<x,<L;;0<x,<L,}
with L, > L, > L1?**

Proposition 3.1. Let m>0 and ¢€ (0, 1/2) be given. Then there
exists fiy = f, (e, m) independent of R such that for all § = 8, and all xe R
with x,<3/4L,, we have

ppt T o(x)=1)=pug T ¥ (o(x)=1)<exp(—mLy)

The above result will actually be given in a greater generality than that
required here; see Proposition 4.1. The proof of Proposition 4.1 has been
collected with some similar results for the Ising model in the Appendix.

The second result that we need is an estimate on the probability of not
seeing within time r a sequence of updatings of the {Q;}-dynamics with the
correct order described above.

Lemma 3.1. Let us call Sy={t,,... 15}, N=2L/I—1, an ordered
sequence of updatings if for any i=1,.., N: (i) at time ¢, the dynamics
updates the rectangle Q;; (ii) there are no updatings between times ¢,
and 1, ,.

Then, for any N large enough (independent of t)

. IN~N
P(there exists no ordered sequence in [0, 1]) <exp ( -3 >

Proof. Given that ¢,,.., t, are N consecutive updatings, the proba-
bility that S, = {ty,.., 5} is an ordered sequence is clearly N =" since the
probability of choosing a specific rectangle is 1/N. Let now v, denote the
total number of updatings within time 7. By construction the process v, is
a Poisson process of parameter tN. Therefore we can estimate the proba-
bility appearing in the lemma by

822/76/5-6-8
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P(there exists no ordered sequence in [0, ¢])

+ o0 —'N(IN)k
N —N)[k/N]
skzo——k, (1-N7%)
<2e—:~[1—(1—N-N)'/N]

which is smaller, for N large enough, than

- N
exp ( —’NZ ) (33)

Let now Sy = {1,,.., 1y} be a fixed ordered sequence with 1, =0, let ¢ {2+
be the evolute at time ¢, of the initial configuration o, let R, be the rectangle

R,:{xe U 2; xzs(i+l)é—[ﬂ}

is<i

and let, for i=1,., N—1, A;(x), A;, be the events
A (x)={(+){9*(x) # (=) 12+ (x)}
U 4ix) (3.4)

{xeRi}

U Apn(x)

{xeVi}
and let g,= P(A;). Then we have

9us18q,+P(A4,, N A4;)
N—-1

S Y P, A+ P(A)) (35)

n=1

where A;, is the complement set of A4,,.
Then the term P(A4, ., N AS) in the r.hs. of (3.5) can be estimated by

P4, nA4})

< ¥ #t(d)P(A,,H(X)

XERN 41N Qnyi
cgefdy

[ﬂ{ P )=(—)San"*“(y)=aff"’-+(y)}]) (3.6)

VE R,
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In the derivation of (3.6) we used the fact that at time ¢, , , we update only
the set 0, and that, under the coupling described in Section 1.4, for any
time ¢ and any configuration g, (—){2}"+ <g!@h+ g (+)i2)+,

In turn, if we denote by E the expectation over the random configura-
tion ¢{2"*, then a given term in the sum appearing in the r.hs. of (3.6)
can be estimated from above by

ol@h g (apflihr
1y (@) ELpg " (n(x)=1
a."(?,').*»' +.(— )I(Q,'L+

—ugr Tnx)=1)]

ol 4 4 4

=[uy (o) Epy (n(x)=1)

a,‘f""+,+.—,+

— i (o) Enr (n(x)=1)] (3.7)

since (+){@"* and (—)!@"* are, respectively, identically equal to plus
one and minus one on the external boundary of the top of Q,,, because
the sequence S, is ordered.

Let us consider the term

al@h* 4 s s
Y ui(e)Epy (n(x)=1) (3.8)

agey

Since the {Q,}-dynamics is reversible with respect to u; (¢), the distribu-
tion of ¢{@}* given that o is distributed according to u} (s), will of
course be again u; (o). Therefore (3.8) will be equal to

Y up (o) ugt Tt (n(x)=1)
cely
< > paroor (@) ugt T (n(x)=1) (3.9)

TERR, , 1U0n41

where we used once more the monotonicity (1.5).
By the DLR property of the Gibbs measure u3:' " /5" |, the rhs. of
(3.9) is just

B lom (0(x)=1) (3.10)
Similarly we obtain that the term

a(gi)'+. =
Y up(@) Eug T (n(x)=1)

gey
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is bounded from below by

Ha oo (Q(x)=1) (3.11)

In conclusion, using (3.10), (3.11), and Proposition (3.1), we get that, for
any n, the r.h.s. of (3.6) is bounded from above by

prt ek (a(x)=1) —pui oor (a(x)= 1)< L?exp(—mL*) (3.12)

for a suitable constant m = m(f) which diverges as f§ — co. Similarly one
estimates P(A4,).
Therefore we get

gn < NL? exp(—mL*) (3.13)

We are now in a position to conclude the proof of the theorem.

Given a sequence Sy= {I,,.., {5} of updatings, we say that Sy is a
good sequence iff Sy is ordered and the event A$, occurred at the end of the
sequence. Because of (3.13) we know that the probability that an ordered
sequence is also a good sequence is larger than

1 — NL?exp(—mL*)>1

for L large enough. Thus, using Lemma 3.1, we get that if T=exp(L!' **"?)
and L is large enough,

P(there exists a good sequence in [0, T]) >3 (3.14)

We conclude by observation that, if there exists a good sequence in [0, 7],
then, by monotonicity (see Section 1.4), the evolutes at the end of the
sequence of (+) and of (—) will be identical. Therefore we can estimate
P((+)[2h* # (=)@ *) by

P((+){00* #(—)leh g (M (3.15)
which immediately implies that
gapy, ({Q/}, +)= T 'log(3) =exp(—L" **"*)log(3) (3.16)
Clearly (3.16) together with (3.1) proves the theorem.

Proof of Theorem 3.2. The first inequality, namely

0< [ du*(9) 5(0) E(0,(0)) — [m*(8)]? (3.17)
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follows immediately from the FKG inequality applied to u* and the fact
that the infinite-volume heat bath dynamics is reversible with respect
tou*.

In order to obtain the upper bound, we write the r.hss. as

[ du*(0) [0(0) + 11 E(@,0) = [m* B —m*(B) (3.8

and we observe that, by the monotonicity (1.24), (1.25), for any L and
any ¢,
E(c,(0))<E}, ,(a,(0)) (3.19)

where E} , denotes the expectation over the HB-dynamics in ¥, with
plus boundary conditions starting from the configuration identically equal
to plus one.

In turn, the r.h.s. of (3.19) can be bounded above, using the estimate
(1.19), by

E}, . (6,(0)<ui,(a(0) +exp[CBL? — 1 gap(HB, ¥, +)]  (3.20)

If we plug (3.19) into (3.18) and we use (3.20), we obtain that the r.h.s. of
(3.17) is bounded above by

iy, (6(0))—m*(B)] [m*(B)+ 1]+ 2 exp[CBL* —t gap(HB, V', +)]
(3.21)
As 1s well known,

0<py, (0(0)) —m*(B) < C, exp(—mL) (3.22)

for any large enough B, where C, and m are suitable constants with m — co
as i — co.
We now choose the size L depending on ¢ as

_ [ dog() |
- [ZC(a)B] (3.23)

where C(«) is the constant appearing in Theorem 3.1 for the value
¢=(2—a)/2¢ and we apply Theorem 3.1 to get that the r.hs. of (3.21) is
bounded from above by

c, ekp<-m[ log(1) ]m>+c2 exp<-iz(t—)> (3.24)

2C(x)B

for all § large enough, where C, is a suitable constant.
Clearly (3.24) proves the theorem.
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4. ASYMPTOTICS OF THE GAP WITH OPEN
BOUNDARY CONDITIONS

In this section we again consider the HB-dynamics in a square V=V,
of side L at very low temperature, but this time with open boundary condi-
tions, that is,

UYx, y)=0 VY(x, y)edV,

In this case the two extremal configurations, (+) and (—), are the only
absolute minima of the energy H2(c,) and they are related one to the
other by a global spin flip.

We show that, due precisely to the above symmetry, the gap of
the HB-dynamics is much smaller, as L — oo, than its value with plus
boundary conditions. More precisely, we obtain that the gap is of the order
of exp(—pfrzL), where 75 is the surface tension defined in (1.11) with
respect to an interface parallel to one of the coordinate axes.

Since the proof of the main result of the present section (see
Theorem 4.1 below) will mimick as closely as possible the proof of
Theorem 3.1, we will keep the same notation as Section 3 with the following
modification.

Let R be a rectangle and let us suppose that we have a boundary
coupling U°® which is constant on each of the four components of R
ordered clockwise starting from the bottom. Let us denote by 0<4;< 1,
i=1,.., 4, the value of the boundary coupling on the ith side of R. Then we
will write pfi®-dm2mden 1o denote the corresponding Gibbs measure on
R with the boundary conditions t,, 7,5, T3, T4. As usual, if one the §, is
equal to one, it will be omitted in the notation, while if it is zero, the
corresponding term o;t; will be replaced by . Thus, for example,
(t,, 0+, J,0+) means t, boundary conditions on the bottom side, plus
boundary conditions on the vertical ones coupled to the interior of R by
a constant boundary coupling equal to J, and an open boundary condition
on the top one.

As in Section 3, whenever confusion does not arise, we will omit the
subscript ¥ in the notation g ,.

Let us now state the main result:

Theorem 4.1. Let ¢e(0, 1/4) be given. Then there exist o< + o0
and C < + oo such that for any > f, and any integer L

exp(—BryL— CAL'**)< gapy, (HB, &) <exp(—PryL + CBL'**?)

Proof. Upper Bound. The idea behind the upper bound is very
simple and intuitive: when the system starts from a typical configuration of
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the Gibbs measure p2 it has a magnetization m approximately equal to
either + m*(B) or —m*(f), where m*(f) is the value of the spontaneous
magnetization at inverse temperature f in the infinite-volume limit. There-
fore, in order to reach the equilibrium where the expected value of the
magnetization is zero by symmetry, the process has to hit the set of
configurations of zero magnetization. Since the probability that, starting
at equilibrium, one has at a given time ¢ zero magnetization is equal to
u2(m=0), one expects the relaxation time to equilibrium, which is
roughly the inverse of the gap, to be at least as large as the inverse of
w2 (m=0). This is actually correct and the argument, thanks to a basic
result of Shlosman (see Theorem 4.2 below), gives a correct upper bound.

Let us implement the above idea. Without a true loss of generality we
may assume that L? is odd. We also denote by m(s) the total magnetiza-
tion of the configuration o€ Q,:

m(e)= Y a(x)

xeV

and by ¢-,-) the scalar product in L*(2,, du?).
If we recall that the generator of the dynamics L2 is self-adjoint on
L*(82,., du?), we get that
(m;exp(tL2)m)
<exp[ —gap,, (HB, &)1] (m;m)
< L* exp[ —gap,, (HB, &)1] (4.1)

since, by symmetry, {m;1)=0.
On the other hand, again by symmetry,
[exp(¢tL@)m] (o) = — [exp(tLZ)m] (—0) (4.2)
so that
(mexp(tLP)m) =2 f du2 (o) m(c) [exp(L?)m] (5)  (4.3)

ag.m(c)>0

If we denote by T <%(s) the first hitting time of the set {m(g) <0} for the
HB-dynamics in V starting at time :=0 from the configuration o, we get
that, for configurations ¢ with positive magnetization, [exp(tL?)m] (o)
can bounded from below by

[exp(/L?)m] ()= P(T <% (0)> 1) — L2P(T""<%(a) < 1)
=1—(L2+ 1) P(T" <)< 1) (4.4)

since inf, ..., om(¢) =1 in view of our condition that L? is odd.
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A rather standard computation in the theory of Glauber dynamics
that uses the invariance of the measure u2 (¢) and the fact that

P(v,22L%)<exp(—KL%)

for a suitable constant K, where v, is the number of updatings within
time f, shows that

Zy () P(T""<%0)< 1)< 2L*tu2 (m(o) = 1) + exp(— KL’t) (4.5)

If we insert (4.4) and (4.5) in (4.3), we get that
{myexp(tL®)ymd = 2u2 (m(a) = 0)—4(L>+ 1)
x L2tp2 (m(o)=1)—2(L> + 1) exp(—KL*) (4.6)
By symmetry u@ (m(¢)=0)=1/2, so that, for all L large enough and all
1<t <[16(L*+1) L*uZ (m(o)=1)1"" 4.7)

the r.h.s. of (4.6) is greater than 1/4.
If we combine this result with (4.1), we obtain

i< L% exp(—gap,, (HB, &)1)
VI<t<[16(L241) L2uZ (m(o)=1)] " (4.8)
We use at this point a fundamental result due to Shlosman (see Theorem 3

in ref. 26) in his study of the Wulff shape in a finite square with periodic
or open boundary conditions:

Theorem 4.2 (Shlosman). There exists 8, such that for any = f,
and any sequence of integers p,, L e N, satisfying

lim 2= pe(—m*(B), m*(B)),  p.—L*=mod?2

L= L2

the limit
T o _
Vip)= lim —27 logluy (m(g)=p.)]

exists and is given by

_L(m*B)—1pl\"*
W(p)—2w<———2m*(m ) . el =y

L m*(B)—p\"?
tﬁ(p)—z <—2m*(ﬂ)) , lpl < p,
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where the constant w is the value of the Wulff functional W_on the Wulff
curve 0W (see Theorem 1.1) and the singularity point p, satisfies the
equation

L (m*(ﬂ)— |p1|>'“=r
2 2m*(B) g

Warning. Due to some misprints, the formula for y(p) in ref. 26
appears with 1/2 and [(m*(B)— |p|)/2m*(B)]'* replaced by 1/4 and
[m*(B) — |p|]'7>, tespectively.

Remark.. Given e€(0, 1/4) and § large enough, it is possible to
show, using the methods of ref. 4, that the above limit is approached, as
L - o0, at least as fast as L~ 1?+¢,

By plugging in (4.8) the result of Theorem 4.2 and its strengthening
mentioned in the remark above, we immediately obtain the required upper
bound on the gap.

Remark. Actually the above reasoning leads to an upper bound on
the gap which is a negative exponential of the surface in any dimension
d>=2 if we use the estimate of Schonmann (25}

1@ (m(o)=0) <exp[ —c(f) L'~"]

for a suitable constant c. Moreover, it is possible to show'® that in two
dimensions the above estimate is valid for any B larger than the critical
value f,. Therefore, using Corollary 2.1 and the above observation, we get
that in d=2 for any f > j. there exist two constants ¢, and c, such that
for any L large enough

exp(—c,L)<gap,, (HB, J)<exp(—c,L)

It would be nice to show that at least one of the two constants is equal
to fr,.

We finally notice that it was possible to follow a slightly different
proof by using in the variational characterization of the gap the trial
function

J(g)=x(m(g)>0)— x(m(s) <0)

x(A4) being the characteristic function of the event A4, and then exploiting
Shlosman’s result.
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Lower Bound. We start by replacing the open boundary conditions
on 3V by very weak plus boundary conditions. More precisely, let

d=L""?
and let us consider a constant boundary coupling U%(x, y):
U%(x, y)=6 VY(x, y)edV

Then, in the notation established in Section 1.3 and at the beginning of the
present section, we trivially have for any ae {—1, +1}

CXp(—Sﬂ 5L) #6-1» O+0+, 6+(0,)<#V (a)<exp(8,3 5L +.5+.é+.6+(0.)

exp(—8B 8L) uUoy @ a) < u'P (@) < exp(8f SL) u¥ey =¥+ (a)
(4.9)

where p{% is the conditional probability of having the value a for o(x)
given that outside V there are open boundary conditions and that the
configuration in ¥\{x} is ¢. Similarly for u{y***)(a).

It is immediate to check, using the vanatlonal characterization of the
gap in terms of the Dirichlet form (1.17), that (4.9) implies the following
bound on gap,, (HB, &) in terms of gap,, (HB, +,9):

gap,, (HB, J)>exp(—32p 6L) gap,, (HB, +, 0) (4.10)

It is therefore sufficient to establish the correct lower bound with “6+”
boundary conditions.

To this purpose we proceed exactly as in Section 3, namely we
consider the {Q,}-dynamics with Q; as in the proof of Theorem 3.1 and
estimate gap,, (HB, +, 6) by

1 exp(—4p8)
~10:l exp(—4B) + exp(+4)

xexp[ —4B(/+1)] gap,, ({Q:}, +,6) (4.11)

gap,,(HB, +,0)>

where [=2[L'2+*].

The main difference now with the reasoning behind the proof of
Theorem 3.1 is the following. When we start from the two extremal con-
figurations (+) and (—) at the beginning of an ordered sequence S, and
we update the first rectangle Q,, we replace (+),, and (—)p, with two
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configurations 75 and 5, distributed according to ,u"+ o+ +.8+ and
uor+=+9*, respectively. Contrary to the “full” (ie, 6 = l) lus boundary
conditions dlscussed in Theorem 3.1, the measure u’t-°® *“"’* is not
concentrated for f large on configurations which resemble those of the plus
phase, at least far from the top side, but instead, due precisely to the “full”
minus boundary condition on the top side, on configurations in which the
spins are mostly minus one with little islands of plus spins. Therefore, with
large probability, the first updating of the ordered sequences will not force
(+) and (—) to agree in a large portion (e.g., 3/4) of Q,.

We notice, however, that with very small probability the two new con-
figurations (+ )7é and (— "o will agree in, say, 3/4 of Q, if, for example,
the interface in the configuration n, separating the minus spins on the top
side of Q, from the plus spins in the rest of the boundary instead of being
in its typical position, namely close to the bottom side of Q,, is very close
to the top one. It turns out that the probability in question is at least of

the order of exp(— frzL). Once this rare event has occurred, then, in the

4 d
second updatmg, we will have to consider the Gibbs measures #'la, oo

—-.é
and ;t ", which, if we approximate , as we did in the introduction

to the proof of Theorem 3.1, the boundary condition nJ, with a “full” plus,
become #+ O+, +,0+ and #+ o+, - 6+

Now the situation is very dlﬁ"erent from the first updating and much
more similar to the case treated in the proof of Theorem 3.1. In fact, in the
Gibbs measure u‘Q*l"“""’*, the “full” plus boundary condition on the
bottom side compensate, exactly the “full” minus boundary condition on
the top one and therefore the “phase” (that is, the structure of the typical
configurations) is decided by the lateral “d+” boundary conditions. Since
the typical fluctuations of the interface separating the minus spin of the
top from the plus spins at the bottom are of order \/Z<1, and since
6l=L*> 1, one can conclude (see Proposition 4.1 below) that the above
two Gibbs measures are very similar in, say, 3/4 of Q,. Thus the second
updating will, with large probability, enlarge the region of agreement
between the evolutes of (4 ) and (—) to

{xeV, 0<x, <31}

Iterating this procedure, we see that an ordered sequence Sy = {1, .., Ty}
will typically glue together (+) and (— ) with the last updating at time ¢,
provided that in the first one, at time ¢,, a very rare event of probability
of order exp(—ft,5L) has occurred.

Clearly the above reasoning implies that the relaxation time to equi-
librium for the {Q,}-dynamics should be at most of order exp(+ ;L) and
therefore, using (4.11), the required lower bound would follow.
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Let us implement the above program. We start by giving a generaliza-
tion to the case of d+ lateral boundary conditions of Proposition 3.1. As
in Section 3, let R be a rectangle

R={XEZ2;0$.\',<L“ 0<X2$L2}

with L, > L,> L}?**. Then we have:

Proposition 4.1. Let m>0 and e¢€(0,1/2) be given and let
d=L['2 Then there exists o= f,(¢c, m) such that for all f> f, and all
x=(x,, x,)e R with x,<2L, we have

“;v6+.+.«5+(6(x)= 1)—;1;‘6+‘_“i+(0‘(,\‘)= I)Sexp(—mL‘l)

Moreover, if R and R’ are two rectangles as above with the same basis L,
but different heights L, >L,>L5>L}*** then for all x=(x,,x,)eR
with, for example, x, < ¢ L5, we have

poH I+ (g(x) = 1) — pdr 3+ +0% (g(x) = 1) Sexp(—mLL>**)

For a proof see the appendix.

There is an interesting corollary to the above proposition that can
be viewed as a generalization of Theorem 3.1 to the case when we have
open boundary conditions on three sides of the square ¥, and full plus
boundary conditions on the remaining one.

Corollary 4.1. Let ¢e(0, 1/2) be given. Then there exist f,< + o0
and C < + oo such that for any > B, and any integer L

gap,, (HB, &, &, +, &) = exp(— CBL'***)

Proof. We use (4.10) to replace the open boundary conditions on the
three sides by § + boundary conditions. Then we can repeat word for word
the proof of Theorem 3.1, with Proposition 3.1 replaced by Proposition 4.1.

The second new result that we need is as follows.

For a given rectangle R as above and 0 € Qy, let ' *** 7% (o) be the
family of contours of ¢ with boundary condition t having the constant
signs +, +, —, + on the external boundary of the four sides of R ordered
in the usual way. As one can immediately check, under the above boundary
conditions there exists only one open contour, which will be denoted by
I R gpen (0).

We then define the event &/ 5+ 7% as

13L,
ﬂ;*"'*={a;r+‘+""+(o)C{XER;X2> ‘}} (4.12)

R. open T
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Proposition 4.2. In the hypotheses of Proposition 4.1 there exists
a positive constant C independent of § and L, such that

#‘;+"6+‘_‘6+(&/;'+'7"+)?CXP(—BT,;LI -CﬂLi)

For a proof see the appendix.

We are now in a position to complete the proof of the lower bound.

As a first step and for reasons that will appear clear later in the proof,
it is convenient to modify slightly the coupling for the Q;-dynamics. More
precisely, we use the same algorithm described in (1.24), (1.25), but with a
modified coupled measure ¥, for the first rectangle Q,. The measure 7,
which will be obtained from the old one v, via “surgery” (see, for instance,
ref. 3) on a suitable subset of Q,, will, however, still enjoy the monotonicity
property described at the end of Section 1.

Let R, be the rectangle

ﬁl={.\‘eQ,; xzsl—%}
and let vgll)""m be the measure on (2,)", N=2% constructed in
Section 1.4, with boundary conditions 6+ on the bottom and lateral sides
of @, and ..., t'"*! on the top side of Q,.
We then construct the new measure v, on le as follows.
Given N configurations ¢'",..,d"") in Q,, where ¥ denotes the
external boundary of the top side of R, let vQ‘” oMY e the

measure constructed according to (1.20), (1.21) for the set Q,\% and
boundary conditions:

¢ 0+ on the bottom and lateral sides of Q.
o o'V o' on &.

o 'Vt on the top side of Q,, where t'',.., 1" are all possible
configurations on the external boundary of the top side of Q,.

allt. (\) 1 NI .
It is very important to notice that v¢ " e a product of the
Yy o
measures
gl ... gt} S gtV ol Ny
VR and ‘Ql\{kluJ}

where, for notational convenience, we have omitted to indicate the fixed
o+ boundary conditions on the bottom and lateral sides of Q,.
Finally, given N configurations ¢'"’..., 6" in Q,,, we set

~(N))

stllho ¥ ~ (1)
Vo, (6',.., &

= Y vy e, ™) T(aV,, ™ 60, ¢ (4.13)

sl glN)
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where
1 (N)., ~(1 ~(N)y _ ,,a'll (M), ) N~ () ~(N
T(0'D,.., '™ 60, G M) =g (7 T TGN e GO )
if ¢dQ=0{) (4.14)
T(c,..., '™, 6., 6V =0 otherwise

It is easy to see, using the DLR equations, that if the event 4 depends only
on the kth configuration 6'*’, then

-,m gy = o s 4) (4.15)

and, moreover, that if the event 4 = (2,,)" depends only on the values of
the spins in Q\.Z, then

V,m_,,,(Nl(A)= Z (0_(1) - O_(N)) vsl“\._;/.)a(/vl;z“).,.f(m(A) (4.16)

]
aulA.Aalm

Finally, it is immediate to check, using the monotonicity (1.23) of the
measures v};l’ " and ‘g:'\f‘"”' N " that (1.23) holds true also for
79" This fact implies, in particular, that if we use the coupling (1.24),
(1.25) with the measures Vo,s Vo, Vg, then, under this new coupling, any
ordered set of initial configurations will stay ordered at any future time.
Let now Sy={t,,.. !y} be a fixed ordered sequence with ¢, =0, let

A;(x), A;, be the events defined in (3.4), and let ¢, = P(4,| %), where
{((—)Q"‘”) et (4.17)
As in Section 3, we have

In+15q,+P(A4,, 1N A;|B) (4.18)

Let us estimate the second term in the r.h.s. of (4.18). As in Section 3, we
let

R, ={xe U Q,,xz\(n+1)——|:£]}

jisn

and

We observe that, since the sequence S, is ordered, if A% has occurred for
some n > 1, then necessarily (—){¢)** and (+){2}°* are both equal on
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the external boundary of the bottom side of O, to a common configuration
that we call . Again because of the ordering of the sequence S, the next
updatings at time ¢;, i > 2, will not modify ¢ on the external boundary of
the bottom side of 0, and therefore they will be reversible with respect to
the Gibbs measure u%°*?+%* on Q.

Thus, following Section 3 [see (3.6)-(3.9)], we can bound
P(A, . N A4;| %) by

srilh...e it i3 -,
5, (=)@ = ()@t =g g E ) Fi (1)

SZ”6Q~:—.¢5+.—‘5+(T'ﬂ$|.+.—.+)Fl(,’c)

where
Fiy= Y w0 (o)

XERn 410 Cnysy
gefp

XCug T ) =)= pgl T ) =11 (419)

As in (3.9)-(3.11), we get, by monotonicity and the DLR equations, that
F,(7) is bounded from above by

Fy(t)= Y RISt o (@) n(x)=1)
X€Ry 10 Qny
— W8t 0 (0) (n(x)=1)] (4.20)

In conclusion we have shown that

P(A,  NVALB)S Y pgr * 5 70 (| G0 T ) Fay(n) (421)

In order to prove that (4.21) is very small, we need a last result on the
Ising model which shows that, conditional to the event &/ 5;*“'*, the
projection (or relativization) of the measure y“Q’l'"’*""” on the external
boundary of the bottom side of Q, is, in some sense, very close to the
same projection both of the measure u%' %%, :°* and of the measure
pr:2t 5.2+ More precisely:

n+ 1

Proposition 4.3. Let m>0 and £ (0, 1/2) be given. Then there
exists o= fo(e, m) such that for all > B, we have: (a)

S ubr it Tt A G ) Fy(n) = g (1) Fa(x)

<exp(___le/2+c)
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and (b)
Zﬂzt.o‘-o—.—.ow(rlLd51.+.—‘+)Fz(.c)_zu;".fltéﬁr (1.’) Fg(‘[‘)
<exp(—mL")

For a proof see appendix.
~ Using Proposition 4.3 and the DLR equation for uz-**; o-** and
HRr St we get that (4.21) is bounded from above by

2exp(—mLY+ Y Cusr 2t or > (nlx)=1)

XE R 1M Qnai
—pg I o (n(x)=1)] (4.22)
In turn, using the fact that

Ko 08 a3 )= S pp 2t 60 (n(x)=1)

and applying Proposition 4.1 to the rectangle R, ., v @, ,,, we get that
(4.22) can be bounded from above by

Jexp(—mL*®) (4.23)

for any given m>0 and ¢€ (0, 1/2), provided that 8 is large enough
depending on m and e&.
In conclusion we have shown that

P(A, . 0 A,|B)<3exp(—mL®) (4.24)

In order to conclude that g, is small, we need to control the first term g,
since
N-1
an<qg,+ Z P(4,,,nA4,158)
Proposition 4.4. Let m>0 and ¢€ (0, 1/2) be given. Then there
exists fo= B, (e, m) such that for all f > f, we have

g, <exp(—mL'?**)
Proof. Let v=7¥, be the measure on .Qf;l constructed in (4.13). By

monotonicity in the initial configuration and by the definition of the event
A, we can estimate g, from above by

$< Y [Me™Mx)=1{cMead "))

NYE R

_V(o.(l)(x)=II{U(l)ed$I.+.—.+})J (425)
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where we used the convention that ¢'"’ and ¢V’ are the components of a

generic configuration 56925] corresponding, respectively, to the minimal

(—) and maximal (+ ) boundry conditions on the top side of Q,.

Let us examine separately each one of the two terms appearing in the
sum in the r.h.s. of (4.25).
Because of (4.15), the second term v(c''Y(x)=1| {o'" € o, }) is equal to
V(O'(”(X)= 1 | {J(l)€ﬂ+‘+'_'+ })

_‘qu +.6+, _6+(J(Y)—l[&{6|‘+‘_'+ (426)
Since the event o/ 5 7 * implies that the entire unique open contour of
the configuration o is outside R,, it is immediate to check, using the

monotonicity of the Gibbs measure with respect to an increase of the
boundary conditions, that

#ZT O+, — 6+(0.(x)_ 1 'Ld+ +.— +)>#6+ O+, ‘”(a(x)= 1) (4_27)
Let us now consider the first term

(O-(N)( )‘lI{a’“’ ﬂ)r +. - +}
veM(x)=1n{aNex f**})

#Q[ +.8+, —6+('Q/+ +.— +)

(4.28)

where we used, once more, (4.15).

We observe that the event {g(x)= 1} x€R, and & 5+ =" depend
only on the spins in R, c R, and Q,\{R,u ¥}, rcspectlvely, where R, and
% have been defined rlght after Proposition 4.2.

Therefore, using (4.16) and the fact that v% .o *" =" is a product
g oNnNg P
of the measures v‘,’{:"""m' and ‘3:’\ RT(C)!T;” 7 we get
(N) — (1) +.+.—.+
v(eM(x)=1n{cVes ] 1)
= Y v e, a™M)vg (G M (x)=1)
Sl gNY
xvg gl gt e e gt ) (4.29)

,,m gtN)
b}

We now observe that, because of (1.22) applied to v%

e (@M (x) = 1) =t (g (x) = 1)

SpRT T o(x)=1) (4.30)

$22/76/5-6-9
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so that the r.h.s. of (4.29) becomes smaller than

#ék+.¢5+.+.6+(o.(x)= l)V(O'(l)Gﬂgl'+‘_'+)

1
=g o(x) =) pgr T T e G T T) (431)

where we used once more (4.15) to write
V(J(I'Edal‘+'7'+)=ﬂ6QT‘5+‘_‘6+(0'€.M5"+'_'+
In conclusion, from (4.28)-(4.31), we get that

WeM(x)=1{cWed it <pG 0 (o(x)=1)  (432)

Combining finally (4.27) and (4.32), we bound from above the sum in
(4.25) by

Z [#tﬁk-l#.6+.+‘6+(o.(x)=1)_#5Q4I-.6+.+.5+(0.(x)= 1)]

xeR|

<exp(—mL'?+%) (4.33)

for any given m, provided that f is large enough. In the derivation of
the last inequality in (4.33) we use part (ii) of Proposition 4.1 and the
definition of R,.

If we now use Proposition 4.4 together with (4.24), we get that

P(Ay|#)<3Nexp(—mLF) (4.34)

We are now in a position to conclude the proof of the theorem. Given a
sequence Sy = {1,, .., Iy} of updatings, we say that S, is a good sequence
iff S, is ordered and the event A%, occurred at the end of the sequence.
Using (4.34) together with Proposition 4.2, we conclude that the proba-
bility that an ordered sequence is also a good sequence is larger than

[1—Nexp(—mL®)] P(B)>4exp[ —BLty— CBL'?**)]

for L large enough and some constant C.
Thus, using Lemma 3.1, we get that, if T=exp[ +fLtz+2CBL'***)]
and L is large enough

P(there exists a good sequence in [0, T]) >4 (4.35)
As in Section 3, (4.35) immediately implies that

gapy, ({Q;}, @)= exp[ — L1, —3CPL**)] (4.36)
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Clearly (4.36) together with (4.10) and (4.11) proves the correct lower
bound.
The proof of the theorem is completed.

5. RARE EXCURSIONS OF THE MAGNETIZATION

In this section we apply the results obtained in the previous sections
to study in detail the time evolution of the magnetization m(g,) of the pro-
cess. In particular we will analyze the large fluctuations of the observable
m(o,) and prove some asymptotic results close in spirit to the results
obtained by Shlosman for the static problem (see Theorem 4.2).

The setting will be that of Section 4, namely the HB-dynamics in a
square V=V, of side L with open boundary conditions. Although the case
with plus boundary conditions could be treated as well without any signifi-
cant modification, we decided to omit it in order not to burden too much
the reader.

Let p,, Le ./, be a sequence of integers such that

lim %%=pe(-m*w>, m*B)),  p.—L*=0 mod2

where, as usual, m*(f) denotes the spontaneous magnetization, and let 7,
be the stopping time:

T, =inf{1>0; m(a,)<p,} (5.1)

Then our two main results can be stated as follows:
Theorem 5.1. There exists §, such that for any § > 8, and any p,
as above

im 7tog| T kP (0) E,(5,) |=¥lo v O)

L w L
mi(a)>0

where the symbol E, denotes the expectation over the HB-dynamics
starting from the configuration ¢ and the function ¥(p) is given in
Theorem 4.2.

The same asymptotics holds if instead of starting from equilibrium
with positive magnetization we start from the configuration identically
equal to all pluses.

Theorem 5.2. There exists f, such that for any = B, and any p,
as above, there exist numbers {a,}, .y such that for any t>0: (a)

1 _
Jim 27 logla,)=w(p v 0)
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and (b)

lim Y u9(0)P,(z,,>ta)=exp(—1)
Lo
m(e)=>0

An analogous result holds if instead of starting from equilibrium we start
from the configuration identically equal to all pluses.

Remark. Theorem 5.2 says that, under a suitable rescaling deter-
mined by the numbers a, ~exp[fL(p)], the stopping time 7, started at
equilibrium with positive magnetization becomes essentially unpredictable,
ie., it can be thought of as the (random) number of independent attempts,
each of which has a probability of success of the order of exp[ — BL(¥/)(p)],
that one has to make before seeing a success.

For results with the magnetization density p outside the region
(—m*(p), +m*(B)) we refer the reader to the paper by Lebowitz and
Schonmann.!!®

Proof of Theorem 5.1. We start by proving a lower bound of the
right order when we start from the measure u‘? restricted to the configura-
tions of positive magnetization.

Clearly for such class of configurations

T,,,_>T,,,_Vo

so that it is enough to prove a correct lower bound only for p € [0, m*(8)).
For any positive T we can write

Z /1?(0’) Ea(TpL)ZT Z #9(6)[1—Pa(TpL<T)]
m(a‘;>0 m(a‘;>0

T
S~T Y uZ(0)P,(1,,<T) (52)

T
m(a)>0

N

where we used the symmetry of the Gibbs measure under global spin flip.
As in Section 4 [see (4.4) and (4.5)] the sum in the r.hs. of (5.2) can
be estimated from above by

2L2Tu? (m(o) = p,) + exp(— KL*T) (53)

for a suitable constant K.
We now take the time T of the form

T=exp[BL(Y(p)—9)] (54)
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where & is any fixed small number independent of L. If we recall
Theorem 4.2, we get that, with this choice of T, (5.3) goes to zero as L gets
large. This fact together with (5.2) implies that

L“I’;ﬂi"’g[ 5 u%(a)E,,mL)sz(p)—a Voe [0, m¥)  (5.5)

mic)>0

Since & can be taken arbitrarily small (after the limit L — o0), the required
lower bound follows. It is also clear that the same lower bound applies also
to E, (t,,), that is, when the starting configuration is identically equal to
plus one, since, because of monotonicity in the initial configuration,

E,(t,)= Z u2(0) E,(z,,)
m(a)>0

In order to prove an upper bound, we have to distinguish between two
cases:

Case 1 pe(—m*(B), p,]
Case2  pe(p,, m*(B))

where p, is the singularity point of the function (p) defined in
Theorem 4.2.

Let us begin with the first one.

Clearly

Z ”V(G)E Tp,_)_ Z #9(0 ZP (Tpl_/ )

m(a)>0 m(a-)>0

<ZP+(TPL/ ) (56)

since, by monotonicity in the initial configuration,
P, (t,,2n)<P,(t,=zn) Vn Vo (5.7)
In turn, for any integer N, it follows from the Markov property and (5.7)

that
P+(1pL>n)<P+(r,,L>N)[”/N] (5.8)

Let us therefore estimate P, (1, = N). We write

L=

P, ('r,,L/N)— (_[0 dtx(m(a,)ZpL)=N>

<Ié“dtP+(m(a,)>pL)
= N

(5.9)
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where y(A) denotes the characteristic function of the event 4 and we used
the generalized Chebyshev inequality in order to get the last inequality.
Let us now choose the integers N, N; equal to

N =exp[BL(¥(0) +20)]
No=exp[BL(y(0)+4)], o<I
Then we can estimate the integral in the r.hss. of (5.9) by
I(’)V dtP-&»(m(ar)ZpL)
N

<224+ 4 (m(0) > .)
[P (n(0)> p0) = 4E (m(0) > p)]
N

(5.10)

Let us examine separately each one of the three terms in the r.h.s. of (5.10)
in the limit as L — oo. The first term goes to zero by construction. The
second term converges to 1/2 because of Theorem 4.2. The third term also
goes to zero for f large enough, if we use Theorem 4.1, the basic estimate
(1.19), the fact that y(0)=1,, and our choice of the integer N,.

In conclusion we have shown that, for all # large enough and all large
enough L,

P,(r,,2N)<3 (5.11)
Clearly (5.11) together with (5.6), (5.8) proves that

Y uwZ(0)E,(t,)<E, (1,)<3N
m(aa)'>0

=3 exp[ BL(Y(0) + 26)] (5.12)

which establishes the correct upper bound in the limit L - oo due to
the arbitrariness of & also for the case when the starting configuration is
identically equal to plus one.
Let us now treat the (more difficult) second case pe [p,, m*(B)).
First of all we bound

Y w8(0)E,(1,,)

o
m(o)>0
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by the same quantity but computed for the HB-dynamics in V' with extra
plus boundary conditions on the top horizontal side and starting from all
pluses:

Y uZ(0)E,(1,)<EZ2+92(t,) (5.13)

o
m(c)>0

with self-explanatory notation. The reason for introducing on only one
side of V' extra plus boundary conditions is the following. For large L,
the relaxation time to equilibrium [ =gap(HB, &, &, +, &)~ '] with the
indicated boundary conditions is of the order of exp(CBL'Y?**) (see
Corollary 4.1); therefore the relaxation time is much smaller than the
inverse of the equilibrium measure of the hitting set {o; m(c)<p,},

122 *9(me)<p,)" " zexp[Bclp)L];  c(p)>0
It thus follows from a standard argument (see, e.g., ref. 1) that
EZ2+9(1, )< pg P+ P(me)<p,) ' exp(BSL), <1 (5.14)
Thus one needs, in strict analogy with Theorem 4.2, to estimate from below
uee+P(m(s)<p,)
as L — oo. This is the content of the next proposition:

Proposition 5.1. Let p, be as above. Then there exists f, such
that for any = B, and any given positive &

w22+ 2(m(e)<p,)>exp[—B(W(p)+S)L]
for all L large enough, where y(p) is as in Theorem 4.2.

The proposition can be proved by exactly the same methods as
developed in ref. 4 (see also ref. 22) and employed by Shlosman®® in his
proof of Theorem 4.2; the proof is, however, lengthy and therefore it is not
included in this work.

It is possible to give a convincing explanation why the extra plus
boundary conditions on the top side of ¥ do not affect the asymptotics (or
at least a lower bound) of

uZ 2+ 2(m(e)<pL)

In ref. 26 (see ref. 4 for full details in the case of periodic boundary condi-
tions and ref. 22 in the case of plus boundary conditions) the asymptotics
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of 2229 (m(c)=p,) is derived by proving that the typical structure of
the set of configurations under the event {m(g)=p,} is as follows:

1. In case p>p, there is a bubble W‘,’, of the minus phase close to
one of the four corners of V, while in V\Wg one has the plus phase.
The shape of W° is that of the intersection with V of the rescaled Wulff
shape 2[(m} — p)/2m*]”2 W of total volume 4(m} — p)/2m} and centered
at one of the corners of V. It is clear from the results in ref. 4 (see Chapter 5)
that the probability (with open boundary conditions) for the above situa-

tion to occur is of the order

exp[ gL (’"”mﬁ” ) w]=exp[—ﬁl//(p)L]

where w is the Wulff functional computed on the Wulff curve oW.

2. In case p<p,, where p, is as in Theorem 4.2, it is more con-
venient to divide the volume V into roughly two rectangles, with the
correct volumes determined by p, by means of a (roughly) straight horizon-
tal line. It is clear that in this other case the probability is of the order of

exp(—fr,L)
for any p<p,.

In the first case, we can impose on our configuration that it has a
unique “large” contour exactly like the one described above, at distance
greater than cL from the top side of V, where ¢ > 1/2 is a suitable constant
depending on p. Since the coefficients @22 *+-Z(A) of the cluster expan-
sion of the partition function decay exponentially fast in the “size” of the
set A, it is not difficult to see that in this way one obtains a lower bound
on p2%+9(m(c)<p,) which, apart from minor corrections that are
adsorbed in the § appearing in the proposition, is like the one obtained
without the extra plus boundary condition on the top side.

It is clear that if we plug the statement of the proposition into (5.14)
we get the required upper bound. The proof of the theorem is complete.

Proof of Theorem 5.2. Let us define the numbers a, by the condition
Y wZ(e)P,(t,,za)=e"" (5.15)
m(a‘;>0
and let f, (1) be given by
fult)= Z uZ(0) Py(t,,>at) (5.16)

m(a)>0
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In order to prove the theorem it is enough, using the normalization (5.15),
to show that

Lli_fnao I fo(t+s8)~fo(t) fL(s)]=0 (5.17)

and that the asymptotics of the number a,, as L — oo, is the right one.
Because of (5.2) applied to T=a,, we immediately get that

a<e Y uZ(o)E,(1,) (5.18)

o
m(og)>0

In order to obtain a lower bound on a, we observe that, using the argument
employed in Section 4 [see, e.g., (4.4), (4.5)]

= I #ROP (<)

m(a)>0

<2L%ap v 1) pf(m(o)=(p, v 0))+exp[—KL*(a, v 1)] (5.19)

l1—e

for a suitable constant K. Thus
1—e!

4Lu2 (m(o)=(p. v 0))

(5.20)

a,_/

for large L. Clearly (5.18) and (5.20) together with Theorems 5.1 and 4.2
prove the first part of the theorem.
Let us turn to the proof of (5.17). We observe that, because of the

definition of the stopping time 7, , it trivially follows that

fL()=Y uZ (o) Po(r,,>a.1)

- Z Au?(a)Pa(rpL>aLI)Ef—L(t)_8L

4
pr<mia)<0

Clearly, using Theorem 4.2, ¢, goes to zero exponentially fast in L.
Using the reversibility of the dynamics with respect to the Gibbs
measure ‘7, we can write f, (1 +s) as

fL(t+s)—Z/1 (0) Py(t,,>a,t)P,(t,, >a.s)

= Y p2(c)P,(t,,>a.,t) P,(t,,>a,s)+¢,

4
m(c)>0
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so that the difference | f, (¢ +5)— f,(¢) f,(s)| can be estimated from above
by

Y H2 (o) u2(n) P (1, >a,t)

o.n
m(c)>0,m(n)>0

X[P,(t,,>a,s)—P,(t,,>a;)]|+2, (5.21)

If we now couple the HB-dynamics starting from ¢ and # together in the
way described in Section I, we can estimate the first term in (5.21) by

Y 12 (o) 2 (n) P(z,, (o) #1,,(n)) (5.22)

a.n
m(a)>0,m(n)>0

where, with an abuse of notation, P denotes the probability measure of the
coupled process, and 7,,(0) and 7,,(n) the stopping times starting from ¢
and #, respectively.

The idea behind the estimate of P(t, (o) #1,,(n)) (see below) is at
this point very natural: when the two starting configurations ¢ and n are
both chosen at random with respect to the Gibbs measure u% restricted to
the “phase” {m >0}, then in a time scale T, which is much shorter than
the typical time scale of 1, (¢) and 1,,(n), the two configurations become
identical with very large probability. The reason for this quick loss of
memory inside the “phase” {m >0}, in contrast to the smallness of the gap
(see Theorem 4.1), has to be found in the fact (see the proof of Proposi-
tion 5.2 below) that, starting in equilibrium with positive magnetization,
with large probability the HB-dynamics in ¥ with open boundary condi-
tions cannot be distinguished, at a given site x € V, from the HB-dynamics
in V with an extra plus boundary condition on one of the sides of V. This
latter loses memory of the initial condition much faster than the dynamics
with open boundary conditions (see Corollary 4.1) and the result follows.

Let us start with the technicalities. Let ¢ (0, 1/2) be given and let
T, =exp(BL'?*¢). Then we estimate (5.22) by

2 Y 420 P.(t,,<T)+2 3 uZ(0) Plor,#(+)r) (523)

4 4
m(g)>0 m(a)>0

where (+ ), is the evolute at time T, of the configuration identically equal
to +1.

We know already [see (5.19)] that the first term in (5.23) goes to zero
as L — co provided that f is large enough. The second term is controled by
the following new result:
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Proposition 5.2. Let e€(0,1/2) and m>0 be given. Then there
exist B, < + o and C< + oo such that for any § > f,, any integer L, and
any time ¢ > exp(CBL'***)

Y. uZ(o) P((+),#0,)<exp(—mL)

a
m(c)>0

It is clear that the above proposition concludes the proof of
Theorem 5.2 in the case the starting configuration is distributed according
to the restriction of the Gibbs measure to the set {g;m(s)>0}. A similar
argument can be repeated if the starting configuration is identically equal
to +1.

Proof of Proposition 5.2. Since
P((+)i4s#0,,)<P((+),#0,) V520

it is sufficient to prove the result for the fixed time ¢, = exp(CBL'?**¢). We
first estimate P((+ ), #0o,) by

P((+)#0,) < Y, P(+),(x)#0,(x))
xeV
Given now xe V, let us uppose, without loss of generality, that the top
horizontal side of V is such that its distance from x is greater than or equal
to L/2. Let also (+)2-%-+-2 be the evoluted at time ¢, of the configuration
(+) under the HB-dynamics in V with (&, &, +, &) boundary conditions
on d,,, V. Then, by monotonicity, we have

P((+),(x) #0,(x))
< P((+)22+9(x) #0,(x))
=P((+)22*2(x)=+1)— P(g,(x)= +1) (5.24)
Thus
Y 4Z(0) PU(+),#04)
m(a)>0
<X { Y. uZ(e) [P(+)ZF*P(x)=+1)—P(o,(x)= +1)]}
m(c})>0

- 3 [3R0+)22 020 = +1

xeV

- T uB) Poum=+D)] (5.25)

o
m(a)>0
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Let us first treat the term P((+)29 *9(x)=+1). Using (1.19),
Corollary 4.1, and our choice of the time ¢,, we get that

0SP((+)22+P(x)= +1)—puZ2 *P(g(x)= +1)
<exp[C’'L*—tyexp(— CBL" +**2)] < dexp(—mL) (5.26)
for any given m>0 and any LeN, provided that f is large enough.

As far as the second term in the square brackets in the r.h.s."of (5.25)
is concerned, we write

Y u8(0) Plo,(x)=+1)
m(an)‘>0
= ) ufZ(o)Plo,(x)=+1nm(,)>0)

'
m(o)>0

=Y uZ(o) Plo,(x)=+1nmg,)>0)

~ Y uB(0) Po,(x)= +1Am(,)>0)

a,mo)<0

=uZ(s(x)=1nm(c)=0)

— Z u? (o) P(o,(x)=+1nm(c,)=0) (5.27)

a:m(a)<0
where we used the invariance of the measure u%.
The last term in the r.h.s. of (5.27) can be bounded from above by

Y u (o) P(there exists s < tq; m(c,)=0)

<2L%opu2 (m(c) = 0) + exp(— KLty) (5.28)

for a suitable constant K and large enough f, by the argument illustrated

in Section 4 [see (4.5)].
Clearly, because of our choice of 1, and of Theorem 4.2, the r.hss. of

(5.28) is smaller than {exp(—mL) for any given m, provided f is large

enough.
In conclusion we have shown that

%P<(+)5?"2"+"3(X)— 5 ufs’(a)P(a,,,(x>=+1))

a
miag)>0

<$pu22+B(a(x)=+1)— u2(a(x)=1|m(c) 2 0)|

+ 2exp(—mL) (5.29)

for any L, provided that § is large enough.
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In order to complete the proof, we need a last, rather obvious result
on the Ising model, whose proof is an exercise in the cluster expansion and
it is therefore omitted.

Lemma 5.1. Given m >0, there exists f, such that for all > g,
and all L

g2+ P(a(x)= +1)—uZ (a(x) =1|m(c) 2 0)| < yexp(—mL)

If we apply the lemma to (5.29), we obtain

Y Y uZ(6)P((+),#0,)< L exp(—mL)

xeV a
m(a)>0

for any given m >0 and any L e N, provided that § is large enough. The
proposition is proved.

6. MARKOV CHAIN DESCRIPTION OF THE
TIME-RESCALED MAGNETIZATION

In this final section we work in the same setting and notation of the
previous two sections and we consider the normalized magnetization

1
V.l

Y o(x)

xe bV

plo,)=

of the process started at equilibrium [or from one of the two extreme
configurations (+ ) or (—)).

We show that it is possible to rescale the time ¢ by a multiplicative
factor t, depending on the side L of the square V/,, in such a way that, as
L — oo, the finite-dimensional distributions of the rescaled process

p(é,)=plo,,) (6.1)

converge to those of a continuous-time Markov chain on the set
{—m*(B), m*(B)} with unitary jump rate for both states.

From what we just said, it is clear that the speeding factor ¢, must be
determined essentially by the condition that

A ]

[ o) Polo)~ —m*Bp~E

m(c)>0

N

where
3[1—exp(—2)] (6.2)

p
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is the probability that a continuous-time Markov chain with unitary jump
rate on {—1,1} starting at time r=0 in +1 is, at time r=1, in the
state —1.

It is also clear from the results of Sections 4 and 5 that

t,=exp(frgl)

for large L.

Let us state our result more precisely. We denote by M the two-state
space { —~m*(B), m*(8)} and by Y, a continuous-time Markov chain on M
with unitary jump rate for both states. Clearly the invariant measure v of
the chain Y, is uniform over M. Let also, for any given &€ (0, m*(8)/2),
t, =1,(¢) be the such that

PH(p(G) = m*(B) — &; p(3,) < —m*(ﬁ)+e)=§ (6.3)

where p is given by (6.2) and P* denotes the probability over the HB-
dynamics started from the equilibrium distribution p‘,?L. Then we have:

Theorem 6.1. For any f large enough, any ¢ as above, and for any
choice of times ¢, <t,< --- <t, and numbers m;e M, i=1, .., k,

lim PH(p(@,) = mil <&, . 1(3,) —mil <é)
=P(Y, =m,, .., Y(t,)=m,) (6.4)

where P" denotes the probability of the chain Y, with initial distribution
the invariant measure v. Moreover,

. 1

Proof. The second part follows immediately from the results of
Sections 4 and 5.
As far as the first part is concerned, it is well known that

Jim uZ (Ip(a) ~m*(B)l <d)=3 V6>0 (6.5)

and similarly, by the symmetry under global spin flip, for m*(f) replaced
by —m « (B). Hence, if the limit in the Lhs. of (6.4) exists for fixed
1 <ty< --- <t, and arbitrary choice of m;e M, i=1, .., k, it must be a
probability measure on M*.
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We wiu prove (6.4) by showing that the limit along any convergent
subsequence is equal to the r.h.s. of (6.4). The key step in our argument is
to prove that, asymptotically as L — oo, the variables p(d,,),..., p(G,) enjoy
the Markov property. This is the content of the following proposition. For
notational convenience we denote by A4, (m;) the event |p(&,) —m]| <e.

Lemma 6.1. Under the same hypotheses as Theorem 6.1, the
difference

PHA, (m)),.., A, (m,))
_P”(All(ml)r o Ly |))2P (Alk )(mk—l) Alk(mk))
tends to zero as L — oo.

Before giving the proof of the above key result, we complete the proof
of Theorem 6.1.
Using the lemma and (6.5), it is clearly enough to prove that

Jim P(|pdo) +m*(B)l <e;1p(3,) —m*(B) < &)
=P (Yo=—m*(B); Y, =m*(B))=(1—-(1-2p)') (6.6)

Let us first consider times ¢ of the form = 1/m, me N, and let us define by
a(1/m) any limit of the Lh.s. of (6.6) computed for such . From the lemma
applied to times t,=i/m, i=1,.., m, and the fact that, by construction

a(l)=

[Tl

one immediately gets

a(i)=(1—(1—2p)”"'> (67)
m

Once we know the value of a(1/m) we can repeat the same argument to
show that (6.6) holds also for rational times of the form ¢=n/m. In order
to extend (6.6) to all times 1, it is sufficient to prove, for example, that, if
a(t) and a(t) denote the lim sup and lim inf of the Lh.s. of (6.6), then both
of them are nondecreasing fuction of 1.

For this purpose and denoting by a,(?) the lLhs of (6.6), we
immediately obtain from the lemma and (6.5) that a, (¢ +s) satisfies the
equation

a,(t+s)=a,()+a (1) [1—-4da,(t)]+r, (6.8)

where lim, _,  r, =0.
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We now observe that
a, ()<z+r, (6.9)

where, as before, lim, _ . r;, =0.
In fact, again because of (6.5),

PH(|p(G,)—m*(B)l <&; |p(Go) + m*(B) <e)
=3~ PX(p(,)>0; p(Go)>0)+r,
and, by the FKG property of the measure P* (see, e.g., ref. 13),
P*(p(6,)>0; p(G,)>0) = P*(p(G,) > 0) P*(p(G5)>0)=3
If we insert (6.9), we obtain
a, (t+s)=za,(t)+r, —4r; (6.10)

Clearly (6.10) shows that a(¢) and a(¢) are nondecreasing functions of t and
thus (6.6) holds for all ¢.

Proof of Lemma 6.7. Using the reversibility, we can write

P”(A fn (ml )1'"s Atk (mk))

=.[ dl‘%(a) PG(AUk—'k—l'(mk))
Aol(ryg 1)
X Pa(Allk—l*IH(ml)""’ A|lk_2—'k—l|(m/\'—2)) (611)

where P, denotes the probability measure on the HB-dynamics starting
from o.
We now compare the r.h.s. of (6.11) with the quantity
(12 (Ao(m_ )" PH(A (M)y Ay it ™))
X P A, _ (M), A (my)) (6.12)

Using the stationarity of the measure P* and reversibility, we can write
their difference as

R Aome_ )17 || duB () duf,(Gino)  (613)
o(my 1)

o(my_ 1)

where
G, 0)=[P, (A, _\_ (m))— P, (A4, _,_,(m))]
x PU(AI'k—l—Ill(ml)""’ A|lk—2“'k—l|(mk—2)) (6.14)
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Using the coupling described in Section | and the symmetry under global
spin flip, the absolute value of (6.14) can be estimated from above by

ZJJ‘ }; od/lgL(O')dﬂg,_(n) P(&lk—/k_l?éﬁ,k_,k_l) (615)
m{n)>0

which tends to zero as L — oo because of Proposition 5.2. We have in fact
that

1 (te— 1 ]>exp(CBLY?*¢)

because of the second part of Theorem 6.1.

The statement of the lemma now follows from (6.5) since, in (6.12),
we can safely replace the factor [u{?L(AO(mk_,)]“ with 2. The proof is
complete.

APPENDIX

In this appendix we prove Propositions 4.1-4.3. Since the proof of
Proposition 3.1 is very similar, although much simpler, than that of
Proposition 4.1, we decided for brevity to omit it.

Proof of Proposition 4.71. Let us fix ¢e(0, 1/2) and a rectangle R,
R={xeZ?*0<x,<L,;;0<x,<L,}
with L, > L, > L)%

If & %%~ * is the event described in (4.12)

13L
A -_-{a;]“open(a)c{xeR; xzzﬁ}}
we can write
“;,6+‘—.6+(0(x)=1)
=#;.6+,—.6+(0.(x)= 1 Id;‘+‘_'+)#;'6+‘_'6+(dk)
+y,’§“s+""’+(a(x)=lm(.d;"‘"‘*)")

where (& 5+ 7 %) is just the complement event.
Since

APt T ((x) =1 g) 2 pt Pt H 0 (a(x)=1) (A.1)

822/76/5-6-10



1236 Martinelli

[see (4.27)], we obtain that the difference
PP (o(x)=1)—p gt T (a(x) =1)
can be bounded from above by
#;.6+.—.6+((ﬂ;.+.—‘+)4~) (AZ)

In order to estimate the above probability, we first observe that the event
(o "7 7" *7) is a decreasing event (in the sense that its characteristic
function is a nonincreasing function of the configuration). Therefore, if R
is the new rectangle

- , L
R={er”; O0<x,<L,, —Tésxzst}

7 is the configuration

Hx)=+1  Vxed R with x,<L,— =2

16
(x)=—1 otherwise
and
UR(x, y)=6 V(x, y)edR with x,=0or L,
and O0<x,<L,—L,/16
UR(x, v)=1 otherwise
then
HEST T TS BET ST T (A)
If we denote by I'; ... (¢) the (unique) open contour of 0 € 24 under the

7 boundary conditions described above, it is immediate to check that

(It (@) ={0: % (@) {xeR;x, < BL,} # F)

R.open

so that
HE (S F ) < (A ) (A4)

For simplicity in the sequel we will denote the measure p‘,;’m" by P.

Let us now order the bonds in '} .. (o) from left to right and let us
denote by e, e, ., the smallest, respectively the largest, bond in
I open () such that no site in the portion of the exterior boundary of the
left, respectively right, lateral side of R where the boundary coupling is &
is separated by one of the bonds ee I' (o) with e>e, , respectively

R,open
€ < ek| +n°
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We will denote by y=e,, ---e,, ,, the portion of the open contour
%.open (0), 0 € Q5, between e, and e, ., and by & the set of them.

Notice that, by construction, y is itself an open polygonal line and that

the first, respectively the last, bond in y separates at least one site in the

internal boundary of the left, respectively right, vertical side of R. More-

over, if we denote by A, the horizontal line in R? containing the middle

point of the first bond e, of y, then 4, is at distance at least L,/16 — | from

the horizontal portion of the boundary of R. Let also
d(y)=dist(y, h,)

We now define the event € as

. {a;d(y)S%} (A5)
Then we estimate (A.2) by
PU(LRZ))VSPE)V+P(AL 5T 1) NE) (A.6)

Lemma A.1. Given m>0, there exists S(g, m) such that for all

B = B(e, m)
P(€°) <exp(—mLY)

Proof. Given 7, the set R can be written as the disjoint union of three
sets:

13=AyuR./+ VRS

where 4y has been defined in Section 1 and R}, R lie, in a natural way,
below and above y, respectively.

Associated to the set R}’ we consider the partition function
Z(R;, U, 1) with t boundary condition and boundary coupling U % on
Oexe R M 0.4 R and plus boundary condition on 4., R, N 4y; similarly for
Z(R;, U 7).

We can now write

Z(R, UR
JARUL ) v ep(—2p150)

P(%7) PY—
Z(R, U%%,1) y;d(v)zf‘!-z/n
ye

Z(R}, UR,1) Z(R; , U%% 1)
X

— (A7)
Z(R, UR +)
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Unfortunately, we cannot yet use the cluster expansion described in
Section 1 to simplify the above ratio of partition functions, since, although
in Z(R}), U?R 1) the boundary condition is constantly equal to +1
because of (a) in the definition of y, so that

Z(R;, UK 1)=Z(R}, U%, +)

inZ(R:,U 2R 1) the lateral boundary condition may change sign. However,
a trivial and rough comparison shows that

p(—48 6L )<———( U <exp(+4B9L,) (A.8)
ex 1)< - <ex .
2 (R-. U —) p 2

y ?

Therefore the r.h.s. of (A.7) is bounded from above by

eopora| T exp(-appy DR AR U O
exp 2 exp(—2p|y — -
vedy) > L:/32 Z(R, UR, +)

yE

ZR+ ('*lé, R‘, Né’ . —1
[ g ARV 2R U a5)

y= R Z(ﬁ, UaRa +)

veEF

We observe at this point that each one of the partition functions
ZR U +),  Z(R,UR +),  Z(R;,U% —)

can be written as in (1.10), with weights that satisfy the condition of
Proposition 1.1 with constant o= 1/2. Therefore, following ref. 4, we can
apply Proposition 1.1 to write

Z(R}, U, +)Z(R;, U, —) [
=exp| —

_ @Vt + (A A.10
ZIR U 1) Y ( )] { )

AcR
Andy#Q

so that (A.9) becomes

exp(16B5L2){ » exp(—zmmexp[— ) cb“""*(A)]}

‘/:«Kr)?}éz/n 4R
ye

Andy#
| -1
x{ X exp(—zmmexp[— )3 ab””“*(A)]} (A.11)
14 P

We can use at this point two basic results in ref. 4 (see the proposition and
the theorem in Sections 4.14 and 4.16, respectively) to conclude that, since
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L,>L,>L}{?*" for any given m> 0, the ratio between the two sums in
(A.11) is smaller than

L ;
exp| —m—= | =exp(—mL7")
L,

provided that § is large enough.
The lemma is proved.

We now turn to the estimate of the second term in the r.h.s of (A.6),
P((L %) NE).

Let /=L,/16 (we are assuming for simplicity that L,/16 is an integer)
and let, for i=0,.., N=32, R, be the rectangle

= :0<x,<L,,—
R, {xeR,O xi<Li—Ja+iy :

L, 1 L !
—2+i—<x2<-Té+(i+2)—}

Then we define P; as

P,=P({yc R} %)
and we estimate from above P((</ %) N €) by

P(A5) €)<Y P({ycR}n%) (A.12)

i=1--N=5

In (A.12) we used the fact that, if the event ((%)° N % occurs, then, by
construction, y is entirely contained in some R; because of ¢, with the
index i # N,..., N—4 because of (&%) and i # 0 again because of &.

In order to estimate each term in the r.h.s. of (A.12), we proceed in a
slightly different way depending on whether i=1 or /> 1, the reason being
that in the case i=1 the polygonal line y is very close to the discontinuity
point of the lateral boundary coupling.

Let us first consider the case /= 2. In this case we bound from above
the ratio P;/P, _, uniformly in i=2,.., N— 5. If we use the representation
(A.7) for the probability of a given y, we may write

P, T cridp<rys OXP(—=2Bly1) Z(R}, UR 2) Z(R;, UK 1)

Py_, Zyc Rn-2:d(y) < L3/32 exp(—28yl) Z(R; > UBR’ 1) Z(Ry_ , Uaﬁa T)
(A.13)

Given y c R,, let F,(y) be its image under a vertical translation in R? by an
amount (N —2—1i) /2.
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Then clearly F, establish a bijection between the y in R, and those in
R, _,, so that the r.hs. is estimated from above by

Z(R}, UR 1) Z(R7, UR 1)
7 ¥

sup — Y (A.14)
yeRpan< L2 Z(RE ), UK, 1) Z(RE,,,), UK, 1)
which we write as
Z(R},UR +)Z(R; , UK, —)
sup — —
veradn <2 Z(RE, UR +) Z(R;, ), UTR, —)
Z(R:,UR 1) Z(R5,.,, UR —
x ( T ) 2 A — ) (A.15)
Z(R;, UR —)Z(R;,,, UR 1)
Let us consider the first ratio
Z(RY,UR +1)Z(R7, UR —)
i i (A.16)

Z(Rf( UR, +) Z(R5,,, UR, +)

If we divide numerator and denominator by Z(R, Uk +) and we use
(A.10), we get that (4.16) is equal to

exp’: Y eUtr+ Y ¢U"“~+(A')] (A.17)
A< R AR
Andy# QD A NAF(P)# D

Notice that, for any pair 4 < R, A’ R that intersect neither the horizontal
part of R nor the lateral portion where U°® =1 and are one the translate
of the other

A'=F;(A)
we have
Uty = V™ (4) (A.18)

by the very definition of the coefficients &Y™ *(A).
Therefore the difference between the two sums appearing in (A.17)
becomes simply

i PV (A= DU (A) (A.19)
A4

where 3% . is a shorthand notation for the sum over all pairs, 4, A" which
intersect 4y and 4F;(y), respectively, and are such that one of the above
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two requirements is violated by 4 or F,(A4) and by A’ or F;'(A’), where
F[!is the inverse of F;.

Since yc R;, F;(y)=cRy_,, and d(y)< L,/32, we can bound from
above (A.19), uniformly in i=2,.., N—5, by

" 2R r
Lo ety et ruisc
An (R GR D # R
(A.20)

for a suitable constant C independent of R.

In (A.20) we used the exponential decay of vt **(A) in the “size”
d(A) of A, the fact that the distance between the horizontal part of the
boundaries of R, R;, R, _, is, by construction and because d(y)< L,/32, at
least L,/32, and the fact that the boundary coupling U%* is equal to 6 on
the lateral boundary of R,, i=2,.., N— 5, by construction.

Let us consider the second ratio in (A.15),

Z(R;, U, 1) Z(R;,,,, UR —)
Z(R;, U, =)y Z(R;,.,, UR 1)

Using the Jensen inequality, we obtain

Z(R;, U 1)

—————<exp (2135 > <G(X)>‘)

Z(R) ) U ’ —) (x, _v)eﬁR,‘T:UM(.\'.y)=6 (A 21)
Z(R;,,, UR —

(REx _ )<exp<—2ﬂ5 3 (a(x))“)
Z(R;,(“, U‘ R, ’[') (.\i..\')E(}RF'(.”; U"'i(x.y)=¢§

where {o(x))>"is a shorthand notation for the average of the spin o(x) in
the Gibbs measure uR_ * and similarly for {a(x)) .
A simple Peierls argument shows that

(o(x))'<—1+k  Yxedy R ; U (x, y)=4

with k — 0 as 8 — oo, so that from (A.21) we obtain that

Z(R;, U 1) Z(R;,,,, U%, —)
Z(R;, U%, =Y Z(R5,,,, UR 1)

<exp(—Bol+2B8kL,) (A.22)

Finally, combining (A.20) and (A.22), we obtain that
P, <Cexp(—pdl+2p6kL,) Vi=2,.,N-5 (A.23)
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Let us now treat the case /=1 by estimating from above the ratio
P,/P,_,. We define the map F, to be simply the clockwise rotation of =
around the center of the rectangle R and we proceed as before. In this case,
by symmetry, the ratio (A.16) with F;(y) replaced by F,(y) is equal to one
and the rest of the argument does not change.

In conclusion, since / is proportional to L, and k is very small for
large 8, we get that, for any m >0,

P( %N F)<exp(—mL5) (A.24)

Thus, combining together (A.3), (A.4), Lemma A.1, and (A.24), we get the
first part of the proposition.
The second part follows immediately by a standard Peierls argument.
The proposition is proved.

Proof of Proposition 4.2. Following the proof of Proposition 4.1,
let T be the configuration

L
(x)=+1 Vxe€de R with x2<L2—1—62

(x)=—1 otherwise
and let
U®(x, y)=6  VY(x,y)edR with 0<x,<L,

UR(x, y)=1 otherwise

Let also S be the cigar-shaped neighborhood of the segment of the horizon-
tal line at height L, — L,/16 and joining the two vertical sides of R:

_ (1 +2)2
xz—<L2—f—62) s(M) } (A.25)

L,
Notice that, for large values of L,, the region S is at distance at least L,/32
from the upper horizontal side of R.
Then it is immediate to see that

S={(x,,x2)c—R;

y‘}z“‘-"*""’*((d,’;'*"'*))2#%"“(9’}) (A.26)
where

Se={0;T} < S}

R, open
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Let # be the set of all possible configurations of "y .., As in (A.7), we
write
Z(R, U, —)

UR ¢ Py =
g (L) Z(R, UR 1)

Z(R}, U 1) Z(R;, U, 1)
X exp(—2BI711) p
I'e.f;l‘cS Z(RaU R, _)
(A.27)

where R} and R, are defined as in the proof of Proposition 4.1.
The ratio Z(R, UR, —)/Z(R, U°R, 1) is clearly bounded from below
by

exp[ —d(2L,+ L,)B] (A.28)

Notice that, since the polygonal line I' is contained in the region S, the
boundary conditions in the partition functions Z(R}, U°® t) and
Z(Ry, U°R 1) are, by construction, + and —, respectively. Therefore,
using the representation (1.10), we can write the ratio in the second factor
in (A.27) as

Z(R}, U 1) Z(RF, UR, 1) [
=exp| —

ZR UT, ) Y o '*(A)] (A.29)

A< R
Andy =S
Using Proposition 1.1 and the fact that the polygonal line I” is contained
in the region S, it is easy to see that

Y ooVt Y oA+ G
AcR Andy# Q3
Andy#+ &
for a suitable constant C, independent of L,.
Thus (A.27) can be estimated from below by

exp(—Co—38 L)) Y epr:—ZﬂIFI— Y ¢+(A)] (A.30)
FeFpil'cS AcAde}'féz

We use at this point the fundamental result of ref. 4 (see Section 4.16),
which says that

> exp| 2601 - % 2" ()|

Fe#Fp. I'es A< R
Andy# &

>exp{—pL 15— C[log(L,)]™*2)} (A.31)
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If we combine together (A.26)-(A.28), (A.30), and (A.31), we finally get the
result.

Proof of Proposition 4.3. It is easy to show that the expression
appearing in part (a) is bounded from above by

IFZIm z #1(52-:‘,6+.7.&+(r(x)=1|LMEI.+.—.+)
x € dexi{bottom side of Q2)
— e ) =1) (A32)

By monotonicity
#zSQT.6+,—.¢S+(r(x)= 1 |~Q{5"+'-'+)SH%T"S+‘+'6+(T(X)= 1)

A standard Peierls argument shows that, for each xed,,,(bottom side of
0,) and any given positive m

Os‘uit.é+.+‘§+(r(x) - 1)_#72::::Q+,,+6|+ (t{x)= 1)<exp(_le/2+c)
(A.33)

provided that f is large enough.
Clearly (A.33) proves part (a), since

|Fyl, <2L°

Part (b) follows immediately from part (a) and Proposition 4.1 applied to
the rectangle R, ,, v Q, .. The proposition is proved.
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